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Abstract. We define the fundamental group underlying to Lichtenbaum's 
Weil-etale cohomology for number rings. To this aim, we define the Weil- 
etale topos as a refinement of the Weil-etale sites introduced in [5j. We 
show that the (small) Weil-etale topos of a smooth projective curve defined 
in this paper is equivalent to the natural definition given in [7j. Then we 
compute the Weil-etale fundamental group of an open subscheme of the 
spectrum of a number ring. Our fundamental group is a projective system of 
locally compact topological groups, which represents first degree cohomology 
with coefficients in locally compact abelian groups. We apply this result to 
compute the Weil-etale cohomology in low degrees and to prove that the 
Weil-etale topos of a number ring satisfies the expected properties of the 
conjectural Lichtenbaum topos. 



1. Introduction 

Lichtenbaum has defined in [8j the Weil-etale cohomology of a number ring 
X = Spec(Op)- He has shown that the resulting cohomology groups with 
compact support Hyy (X, Z) for i < 3 are related to the special value of the 
Dedekind zeta function Cf(s) at s = 0. In this paper, we refine Lichtenbaum's 
construction in order to define and compute the Weil-etale fundamental group. 

As observed in the Weil-etale cohomology introduced in [8 J is not defined 
as the cohomology of a Grothendieck site (i.e. of a topos). More precisely, 
Lichtenbaum defined in [8j a family of sites T F / K S for any finite Galois extension 
K/F and any suitable finite set S of primes of F. Then he defined the Weil-etale 
cohomology as the direct limit lirrj H*(^Txj/k,S^ ~)- I n this paper, we define a 
single Weil-etale topos Xyy which recovers Lichtenbaum's computations. Here 
X denotes the Arakelov compactification of X = Spec(Op)- The topos Xyy is 
endowed with a morphism to the Artin-Verdier etale topos X e t- This point of 
view has some technical advantages. For example, the same definition is used 
in [3] to define the Weil-etale topos of an arithmetic scheme as a fiber product. 

Motivated by a question asked by Lichtenbaum (see the introduction of [8]), 
we show in Section 13.51 that our definition of the (small) Weil-etale topos of a 
function field is equivalent to the natural definition given in [7] . The same result 
is actually false with the original definition of [8]. More precisely, let Y be an 
open subscheme of a smooth projective curve over a finite field k, and denote 
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by S e t(Wk, Y) the topos of W^-equivariant etale sheaves on the geometric curve 
Y = Y® k k. 

Theorem 1.1. There is an equivalence 

Y$T - Set(W k ,Y) 

where YjfJ" is the (small) Weil- etale topos defined in this paper. 

Section U] is devoted to the computation of the Weil-etale fundamental group. 
Let U be a connected etale X-scheme. We define the Weil-etale topos of U 
as the slice topos Uw '■= Xw/"f*U. Let K be the number field corresponding 
to the generic point of U, and let q^j : Spec(K) — > U be a geometric point. 
The etale fundamental group ffi(Uet,qfj) is a (strict) projective system of finite 
quotients of the Galois group Gk- Replacing Galois groups with Weil- groups, 
we define the analogous (strict) projective system W_(U,qjj) of locally compact 
quotients of the Weil group Wk ■ The following theorem gives a computation of 
the fundamental group of U\y. 

Theorem 1.2. The Weil-etale topos Uw is connected and locally connected over 
the topos T of locally compact spaces. The geometric point qy defines a T -valued 
point pfy of the topos Uw, an d we have an isomorphism 

7T 1 (U w ,Pu)^W(U,qo) 

of topological pro-groups. 

The consequences of this result are given in Section [6j We denote by Cjj := 
Ck,s the S-idele class group associated to U (here S is the set of places of K 
not corresponding to a point of U). 

Corollary 1.3. For any connected etale X -scheme U , we have an isomorphism 
of topological groups tti(Uw > Pu) ab — ^u- ^ n particular, for any locally compact 
abelian group A, we have 

H l (U w ,A) = Hom cont (C ,A) 

In particular 7Ti(Xw) ab is topologically isomorphic to the Arakelov Picard 
group Pic(X) of the number field F, and the canonical class is the canonical 
continuous morphism 

9 e H X (X W ,R) = Hom cont (Pic(X),R). 

The previous corollary allows one to compute the cohomology of the Weil-etale 
topos in low degrees and to recover Lichtenbaum's computations. 

Matthias Flach has shown in [3] that the current definition of the Weil-etale 
cohomology is not yet the right one. More precisely, the groups H W (X,Z) are 
infinitely generated for any i > 4 even. But the conjectural picture still stands. 
Indeed, Lichtenbaum conjectures in [8j the existence of a Grothendieck topology 
for an arithmetic scheme X such that the Euler characteristic of the cohomology 
groups of the constant sheaf Z with compact support at infinity gives, up to sign, 
the leading term of the zeta-function Cx{ s ) at s = 0. In [12J we gave a list of 
axioms that should be satisfied by the category of sheaves on this conjectural 
Grothendieck topology for X = Spec(Op)- We denote by Xl this conjectural 
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category of sheaves, and we refer to the list of axioms that must be satisfied 
by Xl as Axioms (1) — (9). We also showed in |12| that any topos satisfying 
these axioms gives rise to complexes of etale sheaves computing the expected 
Lichtenbaum cohomology The author's main motivation for the present work 
was to provide an example of a topos satisfying Axioms (1) — (9). 

Corollary 1.4. The Weil-etale topos Xw satisfies Axioms (1) — (9). 

This result shows that Axioms (1) — (9) are consistent. Moreover, it gives a 
natural computation of the base change from the Weil-etale cohomology to the 
etale cohomology (see Corollary 16. 13|) . More precisely, let 7 : Xw — > X e t be the 
canonical map, and let <p : Xw — > Xw be the open embedding. For any abelian 
sheaf A, we denote by T<2Rl*A the truncated complex. 

Corollary 1.5. Assume that F is totally imaginary. Then the Euler character- 
istic of the hypercohomology groups of the complex of etale sheaves T<2i?7*(</?iZ) 
gives, up to sign, the leading term of the Dedekind zeta-function Cf{s) at s = 0. 

Acknowledgments. I am very grateful to Matthias Flach for his comments 
and for many stimulating discussions related to Weil-etale cohomology. 
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2. Preliminaries 

2.1. Left exact sites. The category of sheaves of sets on a Grothendieck site 
(C, J) is denoted by (C, J) while the category of presheaves on C is denoted by 
C. A Grothendieck topology J on a category C is said to be sub-canonical if 
J is coarser than the canonical topology. This is the case precisely when any 
representable presheaf on C is a sheaf for the topology J . A family of morphisms 
{X{ — > X} in C is said to be a covering family for the topology J when the 
sieve generated by this family of morphisms belongs to J{X). A category C is 
said to be left exact when finite projective limits exist in C, i.e. when C has a 
final object and fiber products. A functor between left exact categories is said 
to be left exact if it commutes with finite projective limits. 

Definition 2.1. A Grothendieck site (C,J) is said to be left exact if C is a 
left exact category endowed with a subcanonical topology J . A morphism of left 
exact sites (C , J') — > (C, J) is a continuous left exact functor C — > C. 

Note that any Grothendieck topos, i.e. any category satisfying Giraud's ax- 
ioms, is equivalent to the category of sheaves of sets on a left exact site. Note 
also that a Grothendieck site (C, J) is left exact if and only if the canonical 

functor (given in general by Yoneda and sheafification) y : C — > (C, J) identifies 

C with a left exact full subcategory of [C^J\ A morphism of left exact sites 

f* : (C',J') -> (C, J) induces a morphism of topoi / : (C^J) ->■ (C^J'), such 
that the following diagram is commutative 



— c 

where the vertical arrows are the fully faithful Yoneda functors. 

Finally, recall that for any object X of C, one has a canonical equivalence 

(C^J)/yX ~ (C/X^J ind ) 

where Ji ni i is the topology on C/X induced by J via the forgetful functor 
C/X -)■ C (forget the map to X). 

2.2. Basic properties of geometric morphisms. Let S and S' be two Grothendieck 
topoi. A (geometric) morphism of topoi 
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is defined as a pair of functors (/*,/*), where /* : S — > S' is left adjoint 
to /* : S' — > 5 and /* is left exact (i.e. /* commutes with finite projective 
limits). One can also define such a morphism as a left exact functor f*:S—>S' 
commuting with arbitrary inductive limits. Indeed, in this case /* has a uniquely 
determined right adjoint /*. 

If X is an object of S, then the slice category S/X, of objects of S over X, 
is a topos as well. The base change functor 

S — ► S/X 

y i — > rxi 

is left exact and commutes with arbitrary inductive limits, since inductive limits 
are universal in a topos. We obtain a morphism 

S/X —>S. 

Such a morphism is said to be a localization morphism or a local homeomorphism 
(the term local homeomorphism is inspired by the case when S is the topos of 
sheaves on some topological space). For any morphism f : S' —> S and any 
object X of S, there is a natural morphism 

f/X : S'/fX — > S/X 

The functor /*^ is defined in the obvious way: f* x (X ~* X) = {f*Y ~~ ^ f*X). 
The direct image functor f/x,* sends Z — > f*X to f*Z x /*/*jf X — > X, where 
X — > f*f*X is the adjunction map. The morphism f/x is a pull-back of /, in 
the sense that the square 

f/x 

S'/f*X —^s/x 
s' — - — >s 

is commutative and 2-cartesian. In other words, the 2- fiber product S' XgS/X 
can be defined as the slice topos S' / f*X. 

A morphism / : S' — > S is said to be connected if /* is fully faithful. It is 
locally connected if /* has an S-indexed left adjoint f\ (see [6j C3.3). These 
definitions generalize the usual ones for topological spaces: if T is a topological 
space, consider the unique morphism Sh(T) — > Sets where Sh(T) is the category 
of etale spaces over T. For example a localization morphism S/X — > S is always 
locally connected (here f\(Y — > X) = Y), but is connected if and only if X is 
the final object of S. 

A morphism / : S' — > S is said to be an embedding when /* is fully faithful. 
It is an open embedding if / factors through / : S' ~ S/X — > S, where X is a 
subobject of the final object of S. Then the essential image U of the functor 
/* is said to be an open subtopos of S. The closed complement T of U is the 
strictly full subcategory of S consisting in objects Y such that Y x X is the 
final object of U (i.e. f*Y is the final object of S'). A closed subtopos T of S is 
a strictly full subcategory which is the closed complement of an open subtopos. 
A morphism of topoi i : £ — )■ S is said to be a closed embedding if i factors 
through i : £ ~ T — > S where J 7 is a closed subtopos of S. 
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A subtopos of S is a strictly full subcategory S' of S such that the inclusion 
functor i : S' 5 is the direct image of a morphism of topoi (i.e. i has a 
left exact left adjoint). A morphism / : S' — > S is said to be surjective if 
/* is faithful. Any morphism / : £ —¥ S can be decomposed as a surjection 
£ — > Im(f) followed by an embedding Im(f) — > S, where Im(f) is a subtopos 
of S, which is called the image of f (see [5] IV. 9.1.7.2). 

2.3. The topos T of locally compact topological spaces. In this paper, we 
denote by Top the category of locally compact topological spaces and continuous 
maps. Locally compact spaces are assumed to be Hausdorff. This category is 
endowed with the open cover topology J op , which is generated by the following 
pretopology: a family of morphisms (X a — > X) a£ A is in Cov(X) if and only if 
(X a — > X) a ^A is an open cover in the usual sense. We denote by T the topos 
of sheaves of sets on this left exact site: 

T := (Top,J op ). 

The family of compact spaces is a topologically generating family for the site 
(Top, J o P ). Indeed, if A is a locally compact space, then any x £ A has a 
compact neighborhood K x C A, so (K x X) x& x is a local section cover, 
hence a covering family for J op . In particular, if we denote by Top c the cat- 
egory of compact spaces, then the canonical morphism T — > (Top , J op j is an 
equivalence. 

The Yoneda functor 

y : Top — > T 

X .— ► y(X) = Hom Top (-,X) 

sending a locally compact space to the sheaf represented by this space is fully 
faithful (since J op is subcanonical) and commutes with arbitrary projective lim- 
its. Since the Yoneda functor is left exact, any locally compact topological 
group G represents a group object of T ■ In what follows we consider Top as a 
(left exact) full subcategory of T ■ For example the sheaf of T represented by a 
locally compact space Z is sometimes also denoted by Z . 

Remark 2.2. In this paper, we consider topoi defined over the topos T of locally 
compact spaces since all sheaves, cohomology groups and fundamental groups 
that we use are defined by locally compact spaces. In order to use non-locally 
compact coefficients, one can consider the topos 

T' := (To^Kjop) 

where Top h is the category of Hausdorff spaces. Then for any topos £ (connected 
and locally connected) over T , we consider the base change £ x^T' to obtain a 
(connected and locally connected) topos over T' ■ 

2.4. Topological pro-groups. In this paper, a filtered category I is a non- 
empty small category such that the following holds. For any objects i and j of 
/, there exists a third object k and maps i <— k — > j. For any pair of maps i zzt j 
there exists a map k —> i such that the diagram k — >• i ^ j is commutative. 
Let C be any category. A pro-object of C is a functor A : / — > C, where / is 
a filtered category. One can see a pro-object in C as a diagram in C. One can 
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define the category Pro{C) of pro- objects in C (see [5] I. 8.10). The morphisms 
in this category can be made explicit as follows. Let X_ : I — > C and Y_: J — )■ G 
be two pro-objects in G. Then one has 

Hom Pro (c){X,Y) := Um jeJ Um 4CT Hom(Xi,Yj). 

A pro-object X : I — > C is constant if it is a constant functor, and X : I — > C is 
essentially constant if X is isomorphic (in the category Pro(G)) to a constant 
pro-object. 

Definition 2.3. ^4 locally compact topological pro-group G is a pro-object in 
the category of locally compact topological groups. A locally compact topological 
pro-group is said to be strict if any transition map Gj — > G{ has local sections. 

If the category C is a topos, then a pro-object X_ : I — > C in C is said 
to be strict when the transition map X{ —> Xj is an epimorphism in C, for 
any i — > j £ Fl(I)- hi particular, a locally compact topological pro-group 
G : I — >■ Gr(Top) pro-represents a strict pro-group-object in T: 

yoG:I^ Gr(Top) -> Gr(T) 

where Gr(Top) and Gr(T) are the categories of group-objects in Top and T 
respectively. Indeed, a continuous map of locally compact spaces Xi — > Xj has 
local sections if and only if it induces an epimorphism y(Xi) — > y(Xj) in T . 

2.5. The classifying topos of a group-object. 

2.5.1. General case. For any topos S and any group object Q in S, we denote 
by Bg the category of (left) (/-object in S. Then Bg is a topos, as it follows 
from Giraud's axioms, and Bg is endowed with a canonical morphism Bg — > S, 
whose inverse image functor sends an object J- of S to T with trivial (/-action. 
If there is a risk of ambiguity, we denote the topos Bg by Bg{Q). The topos 
Bg is said to be the classifying topos of Q since it classifies (/-torsors. More 
precisely, for any topos / : 8 — > S over S, the category Homtop^ (£, Bg) is 
ant i- equivalent to the category of /*(/-torsors in 8 (see [5] IV Exercise 5.9). It 
follows that the induced morphism 

Be(fG) ^8x s B S (Q) 
is an equivalence (see [10] Corollary 10.14). 

2.5.2. Examples. Let G be a discrete group, i.e. a group object of the final topos 
Sets . We denote the category of G-sets by Bg" := Bg ets (G). The topos Bg 71 
is called the small classifying topos of the discrete group G. If G is a profinite 
group, then the small classifying topos Bq 2 is defined as the category of sets on 
which G acts continuously. 

Let G be a locally compact topological group. Then G represents a group 

object of T, where T ■= {Top, J op ) is defined above. Then 

B G := B T (G) 

is the classifying topos of the locally compact topological group G. One can 
define the classifying topos of an arbitrary topological group by enlarging the 
topos T ■ 
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2.5.3. The local section site. For any locally compact topological group G, we 
denote by Bt p(G) the category of G-equivariant locally compact topological 
spaces (elements of a given universe). The category Bx p{G) is endowed with 
the local section topology J[ s , which can be described as follows. A family of 
morphisms {Xi — > X, i € 1} in Bxop{G) is a covering family for Ji s if and only 
if the continuous map \J ieI Xi — > X has local sections. Equivalently, J\ s is the 
topology induced by the open cover topology on Top via the forgetful functor 
T>Top(G) — > Top. The Yoneda functor yields a continuous fully faithful functor 

Bto P {G) — > Bq, 

and the induced morphism 

Bg — > (Bto P {G), Jis) 

is an equivalence (see [3]). 

2.6. The classifying topos of a strict topological pro-group. Topos the- 
ory provides a natural way to define the limit of a strict topological pro-group 
without any loss of information. 

Definition 2.4. The classifying topos of a strict locally compact topological pro- 
group G:I—¥ Gr(Top) is defined as 

Bg ■= pm i B Gi , 

where the the projective limit is computed in the 2-category of topoi. 

By ([5] VI. 8. 2. 3), a site for the projective limit topos Bq is given by ( lirrj i BTopGi, 
where linj i B^opGi is the direct limit category and J is the coarsest topology 
such that all the functors 

(BropGi, Jis) — > (lirrji BTopGi, J) 

are continuous. The direct limit category 

BropG := Ivn^i B Top Gi 

can be made explicit as follows. An object of this category is given by a locally 
compact topological space on which Gi acts continuously for some i 6 I. Let 
Zi and Zj be two objects of BxopG, such that Z{ and Zj are given with an 
action of Gi and Gj respectively. Then there exists an index k £ I and maps 
Gfc — > Gi and G/% — > Gi admitting local sections. Then a morphism Zj — > Zi is 
a Gfc-equivariant continuous map Zj — > Zi. Consider the forgetful functor 

Bto P G — ► Top. 

One can prove that the topology J on Bj- ov G_ is induced by the local section 
topology on Top via this forgetful functor, so that the topology J can be denoted 
by Jis- We have obtained the following result. 

Proposition 2.5. The site (Bj-opG, Ji s ) is a site for the classifying topos of the 
strict topological pro-group G. In other words, the natural morphism 

Bg — ► (Bto P G, Jis) 

is an equivalence. 
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3. The Weil-etale topos 

In this section we define a topos satisfying the expected properties of the 
conjectural Lichtenbaum topos (see [12j). This yields a new computation of 
the Weil-etale cohomology. Our construction is a suitable refinement of the 
family of Weil-etale sites introduced by Lichtenbaum in [8|. We denote by 
X = (SpecOF, Xoq) the Arakelov compactification of the ring of integers in a 
number field F (i.e. is the set of archimedean places of F). 

3.1. The Weil-etale topos. As an illustration of the artificiality of the follow- 
ing construction, we start by making several non-canonical choices. 

Data 3.1. 

(1) We choose an algebraic closure F/F. 

(2) We choose a Weil group Wf- 

(3) For any place v of F, we choose an algebraic closure F v /F v . 

(4) For any place v of F, we choose a local Weil group Wf v ■ 

(5) For any place v of F, we choose an embedding F —> F v over F. 

(6) For any place v of F, we choose a Weil map 6 V : Wf v — > Wf- 

These choices are required to be compatible in the sense that the diagram 

W Fv »G Fv 

6 V 

W F *■ Gf 

is commutative for any place v. 

Recall that if F/F is an algebraic closure and F/K/F a finite Galois extension 
then the relative Weil group Wj^/f * s defined by the extension of topological 
groups 

1 -> C K -> W K/F -> G K/F -> 1 
corresponding to the fundamental class in H 2 {Gx/f^Gk) given by class field 
theory, where Ck is the idele class group of K. A Weil group of F is then defined 
as the projective limit Wp '■= l^fn Wjt/pi computed in the category of topological 
groups. A Weil group for the local field F v is defined as above, replacing the 
idele class group Ck with the mutiplicative group K£ where K w /F v is finite 
and Galois. 

Definition 3.2. Let W F be the maximal compact subgroup ofWp v - The Weil 
group of the "residue field" at v G X is defined as := Wf v /W Fv . We 

denote by 

qv:W Fv ^W Fv /W Fv =:W k{v) 

the map from the local Weil group Wf v to the Weil group of the residue field at 
v. 

Lichtenbaum defined in [8] a family of sites Tk/f,s K/F Galois and S a 
suitable finite set of primes of F. Then he defined the Weil-etale cohomology as 
the direct limit of the cohomologies of the sites Tk/f,S- Here we define a single 
site Tj£ inspired by a closer look at the etale site. This allows us to define a 
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Weil-etale topos, over the Artin-Verdier etale topos, giving rise to the Weil-etale 
cohomology without the direct limit process. 

Definition 3.3. LetT x be the category of objects (Zq, Z v , f v ) defined as follows. 
The topological space Zq is endowed with a continuous Wp-action. For any place 
v of F , Z v is a topological space endowed with a continuous Wu v \-action. The 
continuous map f v : Z v — > Zq is Wp v -equivariant, when Z v and Zq are seen as 
Wp v -spaces via the maps 6 V : Wf v — > Wf and q v : Wp v — > Wu v \ . Moreover, we 
require the following facts. 

• The map f v is an homeomorphism for almost all places v of F and a 
continuous injective map for all places. 

• For any valuation v, the space Z v is locally compact. 

• The action of Wf on Zq factors through W^/f, for some finite Galois 
subextension F/K/F. 

A morphism 

(ft : {Zq, Z v ,f v ) — ► (Z' , Z' v ,f' v ) 

in the category T x is a continuous Wp-equivariant map (ft ■ Zq — > Z inducing 
a continuous map (ft v : Z v — > Z v for any place v. Then (ft v is necessarily Wu v \- 
equivariant. 

The category T x is endowed with the local section topology J\ s , i.e. the topol- 
ogy generated by the pretopology for which a family 

'■ (Zi,o,Zi,v,fi,v) — ^ (Zq, Z v , f v ), i G 7} 

is a covering family if the continuous map \J ie j Z^ v — > Z v has local sections, 
for any place v. 

Definition 3.4. We define the Weil-etale topos Xyy as the topos of sheaves of 
sets on the site defined above: 

X w := (Tx, Jis). 
Lemma 3.5. The site (T x ,Ji s ) is a left exact site. 

Proof. The category T x has fiber products and a final object, hence finite projec- 
tive limits are representable in T x . It remains to show that Ji s is subcanonical. 
But for any topological group G, the local section topology J\ s = J ov on Bp op G 
is nothing else than the open cover topology (see [3] Corollary 2), which is easily 
seen to be subcanonical. The result follows easily from this fact. □ 

Proposition 3.6. We have a morphism of topoi 

j : B Wp — > X w . 

Proof. The classifying topos B\y F is defined as the topos of y(M^)-objects of 
T and the site (BtopWf, Ji s ) is a defining site for By/ F (see section [2.5.3p . We 
have a morphism of left exact sites 

f- (T x ,Ji s ) — > (B Top W F ,J ls ) 
(Zo,Z v ,f v ) l > Zq 



inducing the morphism of topoi j. 



□ 
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We have a morphism of left exact sites 

m **: (Top,J op ) — > {Tx,Jis) 

K ) z .— ► {Z,Z,Id z ) 

Definition 3.7. The canonical morphism from Xyy to T is the morphism of 
topoi 

t : X\\r — > T 

induced by the morphism of left exact sites |7p. 

Consider the functor u* : T — > Bw F sending an object C of T to £ with 
trivial y(M / V)- ac tion. This functor commutes with arbitrary inductive and 
arbitrary projective limits. Therefore we have a sequence of three adjoint 
functors u\ , u* , u*. More explicitly, one has u\J- = J-/v(Wf) and u*(J-) = 
Hom Wr ({*}, J 7 ), where {*} is the final object of B\y P - We have a connected 
(u* is clearly fully faithful) and locally connected morphism 

u : B Wf — > T. 

The topos Bw F has a canonical point q over T ■ In other words there exists a 
section q : T — > By? F of the structure map u : Bw F — > T ■ Indeed, the inverse 
image of the morphism q is the functor q* : Bw F — > T sending a y(iyp)-object 
T to T with no action. Therefore we have a canonical isomorphism of functor 
Id ~ q* o u* , hence an isomorphism of morphisms of topoi : 

(2) Id~uoq:T^ B Wf -> T. 

Of course everything above is valid for any topological group G (and more 
generally for any group object Q in any topos £ ). 

Proposition 3.8. One has a canonical isomorphism 

u~toj: B Wf — > X w — ► T 

In particular the morphism j o q is a point of Xw over T, i.e. the following 
diagram is commutative. 



Bw F *~ Xw 




If there is a risk of ambiguity, the point p of Xw over T will be denoted by p%- . 

Proof. The first claim of the proposition follows immediately from the descrip- 
tion of these morphisms of topoi in terms of morphisms of left exact sites. The 
second claim then follows from ([2]). □ 

Proposition 3.9. The morphism t : Xw —> T is connected and locally con- 
nected. 

Proof. Let us first make the inverse image functor t* explicit. Consider the full 
subcategory of consisting in objects (Zq, Z v , f v ) such that the quotient 
space Zq/Wf is locally compact and such that the canonical morphism in T 

y(Z )/y(W F ) — ► y(Z /W F ) 
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is an isomorphism. By Corollary 14.211 C x is a topologically generating family 
of T x (see [5] II 3.0.1). Hence the sheaf t*C is completely determined by its 
restriction to C x , for any C of T ■ 
One can prove that that one has 

(3) t*C(Z ,Z v ,f v ) = Hom BwF (y(Z ),u*£) =u*£(Z ). 

for any object C of T and any (Zq, Z v , f v ) G C x - Indeed, we check that one has 
a bifunctorial isomorphism, in C € C and T € Xpp : 

Hom Xw {t*C,T) ~ Hom T (C,UT), 

where £*£ is defined as above and t*J-(Z) := ^(Z, Z, /<iz) for any Z £ Ob(Top). 
The proof of this fact is tedious but straightforward, using the fact that (Zq/Wf, Zq/Wf, Id) G 
C x an d the identification u{Zq/Wf) = y(^o)/y(^ / F)- 
More generally, we have 

(4) Hom Xw {T, t*C) = Hom BwF u* C) 

for any object T of X\y and any object C of T , Indeed the family of repre- 
sentable objects u(Zq, Z v , f v ) is a generating family of X\y (see [5| II Proposition 
4.10) hence any object T of Xw can be written as an (arbitrary) inductive limit 
of such representable objects (see [5] I Proposition 7.2). Therefore (j4]) follows 
from and from the fact that j* commutes with inductive limits and with the 
Yoneda embedding. 

If C and C are two objects of T, then one has 

Hom Xw (t*C',t*C) = Hom BwF (ft*C',u*C) = Hom BwF (u* C! ,u* C) = Hom T (C,C) 

since toj ~ u and u* is fully faithful. Hence t* is fully faithful, i.e. t is connected. 
Let us define the left adjoint of t*. We consider the functor defined by 

hT := u\j*F = j*T/y(W F ) 

where the quotient j*J 7 /y(WF) is defined in T, for any object T of X\y. The 
following identifications show that t\ is left adjoint to t*. 

Hom-F(t\F,C) = Homf(u\j* T ', C) = Hom BwF (j* T \u* X) = Hom Xw {^F-,t* X). 

It remains to show that the functor t\ is a T-indexed left adjoint to t* . This 
means that for any morphism x : I — > J in T, the natural transformation 

(5) tf o (t*x)* ->■ x* o tf 
defined by the square 

tf 

X w /t*I T/I 

(fx)" x *" 

t J 

X w /t*J—^T/J 

should be an isomorphism (see [6j B.3.1.1). Here the functor 

x* : T/J — > T/I 

(C^J) ^ (CxjI^I) 
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is the usual base change and one has 

t? : X w /t*J — > T/J 

(J"^t*J) i— ► (*! J" -)• J -»• J) 

where the map iii* J — >• J is given by adjunction. Let J 7 — > t* J be an object of 
Xyy/t*J, and denote it by J 7 . On the one hand one has 

tf o (t*x)*^ = t,(J- x rJ t*I) 

and 

x* otf(T^ t*J) = xjl 

one the other. Hence the natural transformation (j5J) is given by the canonical 
morphism from 

ti{T Xfj i*J) = u,j*(.F x t *j t*J) = u,(j*jr x jH *j ft* I) = m{j*F x u *j u*I) 
to 

u\j*T x UlU *j u\u*I ~ u\j*F xj I. 

This morphism is an isomorphism because u : B\\r F — > T is connected and 
locally connected. Indeed, the adjunction map u\u*I — > I is an isomorphism 
since u* is fully faithful. Then 

ui(fT x u *j u*I) = (fF xj I)/yW F 

is canonically isomorphic to 

(j*T/yW F ) xjl 

since inductive limits (in particular quotients of group actions) are universal in 
T ■ For a down to earth argument proving the very last claim of this proof, 
one can use the fact that T has enough Sets- valued points, and check that 
(j*J- xj I)/i/Wf — > (j*J r /yWF) Xj I induces isomorphisms on stalks. 

□ 

Definition 3.10. An object J- of Xw is said to be constant over T if there is 
an isomorphism T ~ t* C, where C is an object of T ■ 

Corollary 3.11. If J- is a constant object over T then the adjunction map 

? — ► Uf? 

is an isomorphism. 

Proof. This follows immediately from ([3]). Indeed, if T = t*C then 

F(Zo, Zv, fv) = t*C(Z , Z v , f v ) = u*C(Z ) = j*T(Z ) = j*j*T(Z , Z v ,f v ). 
for any object (Zq, Z v , f v ) of T%- O 
Definition 3.12. Let F be an object of Xw The object of T 

hF := (j*F)/y(W F ) 
is called the space of connected components of T . 

Definition 3.13. An object T of Xw is said to be connected over T if its space 
of connected components t\J- is the final object of T ■ 
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Consider for example a constant object F = t*C over T . Then the space of 
connected components of T is 



since t* is fully faithful. Therefore a constant object T = t* C of Xyy over T is 
connected over T if and only if J- is the final object of Xw. 

Remark 3.14. Note that t\T is not a topological space in general. However 
this is a topological space when F is representable by an object (Zq, Z v , f v ) such 
that u(Zq) /y{Wp) = u{Zq/Wf) ■ Our terminology is justified by the fact that 
any object ofT is topological in nature. 

3.2. The morphism from the Weil-etale topos to the Artin-Verdier 
etale topos. Let X be the Arakelov compactification of a number ring Of- 
The set X is given with the Zariski topology. We recall below the definition of 
the Artin-Verdier etale site of X. We refer to [llj for more details. 
A connected etale X -scheme is a map 



where U is a connected etale X-scheme in the usual sense. The set Uoo is a subset 
of [/(C)/ ~, where [/(C)/ ~ is the quotient of the set of complex valued points 
of U under the equivalence relation defined by complex conjugation. Moreover 
oo is unramified in the sense that if v € Xoo is real, then so is any point 
w of Uoo lying over v. An etale X-scheme is a finite sum of connected etale 
A-schemes, called the connected components of A. A morphism U — >■ V in the 
category Etj> is a morphism of X-schemes U — > V inducing a map Uoo Kx> 
over Xoq. The Artin-Verdier etale site of X is defined by the category Etx 
endowed with the topology J e t generated by the pretopology for which the 
coverings are the surjective families. 

Definition 3.15. The Artin-Verdier etale topos of X is the category of sheaves 
of sets on the Artin- Verdier etale site: 



Let v be a closed point of X. Data 13.11 gives an embedding Gp v Gp, 
hence we have an inertia subgroup C Gp at v. One can define the strict 
henselization of X at v as the projective limit X^ h = lira U, where U runs 

over the filtered system of etale neighborhoods in A of a geometric point over 
v. We refer to [TT] Section 6.2 for a precise definition. For v ultrametric, one 
has Xf := Spec(Ofj where the ring 0^ v is the strict henselization of the 

local ring Ox,v The generic point of X^ h is Spec(F Iv ). For an archimedean 
valuation v, X^ h can be formally defined as the pair (Spec(F Iv ),v) — > (X, Xoo). 
Hence for any closed point v of X, Data [3~T1 gives a specialization map over X 



t\T=t\t*C~C 



U = (U; Uoo) 



X — (X; Xoo) 



X e t ■— (Et x , Jet)- 



(6) Spec(F) -»• Spec(F Iv ) ^ X, 
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The functor 7* is fully faithful and the essential image of 7* consists in objects 
(Uq,U v , f v ) where Uq is a finite Wp-set. 

This result is a reformation of [10J Proposition 4.61 and |10| Proposition 4.62. 
Let us fix some notations. For any point »6lwe define the Galois group of 
the "residue field at v" as follows : 

Gk{v) '■= Gf v /I v 

while the Weil group of the residue field at v is defined as := Wf v /W Fv . 

Note that we have a morphism a v : Wm v \ —> Gy v \ compatible with the Weil map 
9 V : Wf v —> Wf for any v E X . Note also that, for an archimedean valuation v, 
the group Gu v \ is trivial and Wu v \ is isomorphic to K* as a topological group. 

Proof. For any etale X-scheme U, we define an object J*(U) = (Uq, U v , f v ) of T x 
as follows. An algebraic closure F/F has been chosen in Data [34] The generic 
point U X x SpecF is the spectrum of a finite etale i^-algebra. The Grothendieck- 
Galois theory shows that this etale F-algebra is uniquely determined by the finite 
Grp-set 

Uq := H om Spec f{S pec F , U SpecF) = Horrix(SpecF, U). 

Let v be an ultrametric place of F. The maximal unramified sub-extension of 
the algebraic closure F v /F v chosen in Data [3~T1 yields an algebraic closure of the 
residue field k(v)/k(v). The scheme U x^- Speck(v) is the spectrum of an etale 
fc(i>)-algebra, corresponding to the finite G keyset 

U v := Homs pec k( v )(Speck(v),U x^ Speck(v)) = Homx(Speck(v),U) 

Let v be an ultrametric place of F. Here we define the set 

U v := Horn x ((0,v),U) = v x Xoo Uoo 

For any closed point v of X, we have U v = Hom x (X;f, h , U) hence the special- 
ization map ([6]) gives a G^-equivariant map 

fv '■ U v > Uq. 

This map is bijective for almost all valuations and injective for all valuations. 
For any place v of F, the set U v is viewed as a PV^^-topological space via the 
morphism Wu v \ — > G k i v y Respectively, Uq is viewed as a W^-topological space 
via Wf —> Gf- Then the map f v defined above is Ty^-equivariant. We obtain 
a functor 

7 * : Et - _^ Tx . 

Note that if U is the a finite sum of connected etale X-schemes U = \jUi, then 
we have 

l*(U) = Y[ 1 *(U i ) 

where the sum one the right hand side is understood in T x . The functor 7* 
is easily seen to be left exact (i.e. it preserves the final object and fiber prod- 
ucts) and continuous (i.e. it preserves covering families). Hence we do have a 
morphism of left exact sites. 

Let IA = (Uq,U v , f v ) be an object of T x such that Uq is a finite Wp-set. 
Writing Uq as the sum of its H^-orbits, we can decompose U = Uj g /^j as a 
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sum in T^. The action of Wp on Uq factors through Wp/W F = Gp, where 
W F is the connected of 1 in Wp, since Uq is finite. Hence we can see Uq as 
finite G^-sets. By Galois theory, Uq corresponds to an essentially unique etale 
F-algebra A = Y\ ieI A'j. Then for any i £ I one has a finite set Si of places of 
Ki and an isomorphism in T^: 

This shows that the essential image of 7* consists in objects (Uq,U v , f v ) such 
that Uq is a finite W^-set. 

Let U and U' be two objects of Etx- We set 7*(£7) = (Uq,U v , f v ) and 
7*(C/') = (U , U' v , f' v ). By functoriality, we have a map 

(7) Hom^U, U') -)■ Hamr^((UQ, U v , f v ), (U , U' v ,f' v )). 

We define the inverse map as follows. A morphism <j> : (Uq, U v , f v ) — > (Uq,U' v , f' v ) 
is given by a map of finite Gj?-sets 4>q : Uq — > UL This map gives a uniquely 
determined morphism of F-algebras A' — > A, where Spec(A) := U Spec(F) 
and Spec(A') := U' Xj^Spec(F), again by Galois theory. The morphism A' — > A 
induces a morphism of etale X-schemes (j) : U U' precisely because (pQ induces 
a map (fi v : U v — > U' v for any closed point v oi X. Then 1 — >• is the inverse 
isomorphism to (j7|). This shows that 7* is fully faithful. 

□ 

The next corollary follows immediately from the fact that a morphism of left 
exact sites induces a morphism of topoi. 

Corollary 3.17. There is a morphism of topoi 

7 : X w — > X et . 

Remark 3.18. Let T be an object of Xw represented by an etale X -scheme U. 
In other words, we assume that 

T = j*y(U) = y(j*U) = y(U , U v ,f v ) 

where Uq is a finite Gp-set. The space of connected components 

hF := (j*F)/y(W F ) = Uq/Gf 

is the object of T represented by the finite set Uq/Gf, which is the set of con- 
nected components of U in the usual sense. 

3.3. Structure of Xyy at the closed points. Let v be a place of F. We con- 
sider the Weil group Wy v \ and the Galois group Gu v ) of the residue field k(v) at 
v G X. Recall that, for v archimedean, one has Wm v \ — K and Gm v \ = {1}- We 
consider the big classifying topos By/ k ^, i.e. the category of ^(Vl^^-objects 
in T, and the small classifying topos Bq£ , which is defined as the category 
of continuous G^^-sets. The category of W^^-topological spaces BFopW^-j 
is endowed with the local section topology Ji s . Then (BpopW^y Ji s ) is a 
site for the classifying topos By/ k{v y Respectively let Bfs e tsGk( v ) be the cat- 
egory of finite Gfc^-sets endowed with the canonical topology J can . The site 
(BfSetsG^^Jcan) is a site for the small classifying topos B^ 
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For any place v of F, we have a morphism of left exact sites 
C : (Tjt,Jls) > (BTopW k ( v ),Ji s ) 

(Zq,Z v ,/ v ) i — > Z v 
hence a morphism of topoi 

iv ■ B W k(v) — > X w . 
Assume that v is ultrametric. The morphism of schemes 

Speck(v) — > X 

induces a morphism of topoi 

since the etale topos of Speck(v) is equivalent to the category Bq^ ^ of continu- 
ous Gfc^-sets. This equivalence is induced by the choice of an algebraic closure 
of k(v) given in Data [370 For v archimedean, we still have a morphism 

u v :B s G ™ v) =Sets = Sh(v)^X et . 

The category of finite G^^-sets endowed with the canonical topology is a site 
for the small classifying topos } • We have a commutative diagram of left 

exact sites 

a* 

(B Top W k ( v },Jl s ) ■< {BfSetsG k ( v },Jl s ) 



(Tx,Ji s ) -< (Etx,Ji s 

where u* v {U) is the finite Gfc^-set 



U v := Hom x (Speck(v),U). 

The diagram of sites above induces the commutative of topoi of the following 
result, which is proven in [1]. 

Theorem 3.19. For any closed point v of X, the following diagram is a pull- 
back of topoi. 

B Wk . , B s ™ 

7 

Xw " X et 

Corollary 3.20. For any closed point v of X, the morphism i v is a closed 
embedding. 

Proof. It is well know that the morphism of etale topoi 

is a closed embedding. The result then follows from the fact that closed embed- 
dings are stable under pull-backs. Indeed, the image of u v is a closed subtopos 
Im(u v ) of X et . But the inverse image of Im(u v ) under 7 is precisely the image 
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of i v , as it follows from the previous theorem. Hence Im(i v ) is a closed subtopos 
of Xw: an d i v induces an equivalence Bw k r v ) — Im(i v ). □ 

3.4. The Weil-etale topos of an etale X-scheme. 

Remark 3.21. In this section we define the Weil-etale topos U\y for any etale 
X -scheme U . Such a definition must be functorial, i.e. one needs to obtain a 
pseudo- functor 

Et_x — > Top 
U i— ► U w 

where Top is the 2-category of topoi. According to Proposition \3.2b\ below, there 
are two possible definitions for Uw- If one defines Uw as i n Definition \3.4\ 
for any U etale over X, then U t— >■ Uw is n °t functorial. In order to get 
functoriality, we define Uw as a slice topos (see Definition \ 3. 2 2\ below). The 

fact that Uw is equivalent to (Tjj,J'i s ) will be used as a technical tool in the 
remaining part of this paper. 

Definition 3.22. Let U be an etale X-scheme. We define the Weil-etale topos 
of U as the slice topos 

U w :=X w h*(U). 
Proposition 3.23. We have a pull-back of topoi 

Uw — U e t 

7 - 

Xw ^ X et 

In other words one has an equivalence Uw — Xw x x et Uet, where the fiber 
product is defined in the 2-category of topoi. 

Proof. One has a canonical equivalence X e t/U ~ U e t, as it follows from (see [5] 
III Prop 5.4) 

X et /yU := {Et^~J et )/U ~ {Et x /U,J ind ) = (Et^J et ) =: U et . 

We write below j*U (respectively U) for the object y{^*U) = ^*{yU) (respec- 
tively yU) of the topos Xw (respectively of X e t). By ([5] IV Prop 5.11), the 
following commutative diagram 

x w h*u^x et /u 

7 - 

Xw " X et 



is a pull-back, i.e. 2-cartesian in the terminology of [5], where the vertical arrows 
are the localization morphisms. The result then follows from the definition 
U w := X w h*U. □ 
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For any etale X-scheme U, a site for the topos U\y is given by the category 
Tx/j*U endowed with the topology induced by the local sections topology via 
the forgetful functor /l*U — > T^ ■ We want to define a site for U\y analogous 
to Ty. Let U be a connected etale X-scheme. Again, we need to make non- 
canonical choices. 

Data 3.24. (1) We choose a geometric point qg : SpecF — > U over the 
geometric point SpecF — > X chosen in section [3n\ (1). In other words, 
the following triangle 

U 




SpecF ^X 

is required to be commutative. The geometric point qg yields a sub- 
extension F/K/F, where K is the function field of U. 
(2) For any closed point uofU over v G X, we choose an embedding K u — > 
F v such that the following diagram commutes. 

F s~ K >■ F 

F >■ F 

Then the Weil group of F/K is defined by 

W K := v^Gk 

where (p : Wf — > Gf is the map chosen in 13. If 2). For any closed point u of U 
over v G X, the Weil group of F v /K u is defined by 

W Ku := Vv l G Ku 

where cp v : Wp v —> Gf v is the map chosen in 13. 11 (4) . Finally, the Weil map 
9 V : Wf v —> Wf of Data I3,lf 6) induces a Weil map 

On : W Ku -> W K . 

Definition 3.25. Let U be a connected etale X-scheme endowed with the data 
\3.24\ We consider the category Tg of objects (Zq, Z u , f u ) U £U defined as follows. 
The space Zq is locally compact and given with a continuous action of Wk- 
For any point u of U , Z u is a locally compact topological space endowed with a 
continuous action of W^^ . The map f u : Z u — > Zq is continuous and Wk u - 
equivariant . 

The action of Wk on Zq factors through W^/x for a finite Galois sub- 
extension F/L/K. The map f u is an homeomorphism for almost all points 
u of U and a continuous injective map for all points of U. An arrow <f> : 
(Zq, Z u , f u ) — > (Z Q , Z' u , f'y) in the category Ty is a Wk -equivariant continu- 
ous map <f> : Zq — > Z' inducing a continuous map Z u — > Z' u for any u G U. The 
category Ty is endowed with the local section topology J\ s . 



20 BAPTISTE MORIN 

The argument of the proof of Proposition 13.161 gives a morphism of topoi 

(Tq, Jis) — ► U et . 
Moreover, the choices 13.241 above define a morphism of topoi 

(Tjj,Ji s ) — ► (Tx,Ji s ) =: X w . 

Indeed, we have a morphism of left exact sites 

(Tx,Ji s ) — > (Tfj.Jis) 
[Zq, Z v , fv) v <=x 1 * (Zq, Z u , fu)ueu 

defined as follows. The space Zq on the right hand side is given with the action 
of Wk induced by the morphism Wk Wp. For any closed point u of U lying 
above v £ X, the space Z u is Z v endowed with the action of W^u) induced 
by the morphism Wy u ) ^ Wu v \, which in turn induced by the morphism 
W Ku ^W Fv . 

We obtain a commutative square 

(Tfj, Jls) >■ U et 

" 

7 - 
Xw *" X e t 

since the corresponding diagram of sites is commutative. By the universal prop- 
erty of fiber products in the 2-category of topoi, this commutative square gives 
rise to an essentially unique morphism 

(T&, Jis) — ► X w x Xet U et — Uw- 

Proposition 3.26. Let U be a connected etale X-scheme endowed with the data 
\3.24\ Then the morphism defined above 

(Tfj, Jis) — > Uw- 

is an equivalence. 

Proof. Recall that -y*U = (Uq, U v , h v ), where Uq := Hom x (SpecF, U) as a W F - 
set. The sub-extension F/K/F given by the point qg yields an isomorphism of 
VFp-sets 

Uq := Hom F (K,F) ~ G F /G K ^ W F /W K , 

sending qy 6 Uq to the distinguished element of W f /Wk- This gives an iso- 
morphism of categories 

B Top W F /U ~ B Top W F /(W F /W K ). 

Hence the functor 

tf : B Top W F /U — ► B Top W K 

(j) : Zq -> Uq i — > Z U0 := ^{qtj) 
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is an equivalence of categories. Let (j) : (Zq, Z v , f v ) — > (Uq, U v , h v ) be an object 
of the slice category Tx/"f*U and let u E U be a closed point lying above v € X. 
The action of Wu on 

f^iZua) Z uo := ^{qfj) 

via the map Wk v Wk is unramified, in the sense that Wj^ acts trivially 
on f~ l (Z U0 ). Then we see f~ l (Z U0 ) as a W fc(u) -space, where f~ 1 (Z UQ ) is given 
with the topology induced by the inclusion f~ 1 (Z UQ ) C Z v . We define Z u to be 
the space 

Z>u '■= f v 1 {Z UQ ) 

endowed with its W^^-action. Finally, the M^^-equivariant map f v :Z v ^f Zq 
induces a VF^-equivariant map g u : Z u — >• Z uo , which is injective and continuous 
everywhere and an homeomorphism almost everywhere. Then the equivalence 
^0 induces a functor 

VP: ^ Tx/-fU — »• Tq 

(Zq, Z v , f v ) — >■ (Uo, U v , h v ) i — > (Z U0 ,Z u ,g u ) 

which is an equivalence as well. Moreover, the topology induced on Bto^k by 
the local section topology on Bt ov Wf via the functor (forget the map to XJq) 

B Top W K ~ B Top W F /U -> 5 Tpp W> 

is still the local section topology on Bto^k- The same is true for any place v 
of F, and we obtain an equivalence of sites: 

Therefore the induced morphism of topoi 

is an equivalence (see III Prop. 5.4 for the last equivalence). □ 

3.5. The Weil-etale topos of a function field. In this section we show that 
our definition of the (small) Weil-etale topos of a function field coincides with 
the definition given by Lichtenbaum in [7]. More precisely, let Y be an open 
subscheme of a smooth projective curve over a finite field k. The most natural 
definition for the Weil-etale topos is given by the category S e t(W}-,Y) of Wk- 
equivariant etale sheaves on the geometric curve Y = Y®kk- On the other hand, 
Definition 13.31 yields a left exact category Ty m endowed with the local section 
topology Ji s , where we replace Top by Sets . We define below an equivalence 

(Tf\J ls )^S et (W k ,Y). 

In other words, we show that the artificial definition of the (small) Weil-etale 
topos coincides with the natural one in the case of a function field. This justifies 
the term "Weil-etale topos" for the topos defined in this paper. 

Data 3.27. Let Y be an open subscheme of a geometrically connected smooth 
projective curve over a finite field k with function field K . 

(1) We choose a separable algebraic closure K /K. 
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(2) For closed point y ofY, we choose a separable algebraic closure K v /K v 
and a K -embedding K — > K v . 

We have a natural map Gk — >• G k and the global Weil group Wk is defined 
as the fiber product topological group Wk '■= Gk x G k Wk- For any closed point 
v of Y, one has G k{v) = G Kv /I Kv , and W Kv ■= G Kv ><G k(v) W k ^ v y There exists a 
unique Weil map Wk v — > Wk such that the following diagram is commutative 

W Kv >G Kv 

W K G K 

Definition 3.28. Let Ty m be the category of objects (Zq, Z v , f v ) defined as fol- 
lows. The set Zq is endowed with a continuous WK-action. For any closed 
point v of Y , Z v is a set endowed with a continuous W k r v y action. The map 
f v : Z v — >• Zq is W 'K v -equivariant, when Z v and Zq are seen as Wk v - spaces via 
the maps Wk v — > Wk and q v : Wk v — > W k i v )- We require the following facts: 

• The map f v is bijective for almost all closed points and injective for all 
closed points v of Y . 

• The action ofWK on Zq factors through Wl/k, for some finite Galois 
subextension K/L/K. 

A morphism 

4> ■ (Zo, Z v , f v ) — > (Z' Q , Z v ,f v ) 

in the category Ty m is a WK-equivariant map <p : Zq — > Z Q inducing a Wk v - 
equivariant map <j) v : Z v — > Z v for all closed points v ofY. 

The category Tp m is endowed with the local section topology J\ s , i.e. the 
topology generated by the pretopology for which a family 

{<Pi '■ (z^o, Zi jV , fi ;V ) — > (Zq, z v , f v ), i e 1} 

is a covering family if the map Z^ v — > Z v is surjective, for any point v of 
Y. 

Definition 3.29. We define the small Weil-etale topos Yyf 1 as the topos of 
sheaves on the site (Ty m ,j7zs)- 

Let Kk be the function field of the geometric curve Y. We have the sub- 
extension K /Kk/K and we set G k t := G(K / Kk). For any closed point y € Y , 
we denote by I y the Galois group of the completion of Kk at y. We choose 
maps I y G k t compatible with Data [3~271 

Definition 3.30. Let T-^P 1 be the category of objects (Zq, Z y , f y ), where y runs 
over the closed points of Y , defined as follows. The set Zq is endowed with a 
continuous G^-action. For any closed point y of Y , Z y is a set endowed with 
a Iy-equivariant a map f y : Z y — > Zq, where I y acts trivially on Z y and I y acts 
on Zq via the map I y — > G K x- Moreover, we assume that 

• The map f y is bijective for almost all closed points y of Y and injective 
for all closed points y of Y. 
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• The action of G K x on Zq factors through G(L/ Kk), for some finite 
Galois sub-extension K/L/Kk. 
The morphisms in the category Ty m are defined as above. The local section 
topology Jx s on the category Ty™ is generated by the pretopology of surjective 
families as above. 

We consider below the category Ety of finitely presented etale Y-schemes. 
The site (Ety, J e t) is called the restricted etale site. Since Y is quasi-compact 
and quasi-separated, the restricted etale site (Ety, Jet) is a site for the etale 
topos of Y, i.e. we have 

Yet = (Ety, Jet)- 

Proposition 3.31. There is an equivalence 

Proof. The arguments of Proposition 13.161 can be generalized to this context. 
This yields a natural functor Ety — > Ty m . This functor is not essentially sur- 
jective because an object (Zq, Z y , f y ) of Ty 1 can have an infinite number of 
connected components (i.e. Zq/G k -^ is infinite), while a finitely presented etale 
Y-scheme has finitely many connected components. However, the previous func- 
tor is fully faithful, Ety is a topologically generating family of the site (Ty" 1 , Ji s ), 
and the etale topology on Ety is induced by the local section topology on Ty" 1 . 
Hence the result follows from ([5] IV Corollary 1.2.1). □ 

We recall below some basic facts concerning truncated simplicial topoi. We 
refer to ( [10J Chapter 10 Section 1.2) for more details and references. A trun- 
cated simplicial topos 5, is given by the usual diagram 

Given such truncated simplicial topos S 9 , we define the category Desc(S,) of 
objects of So endowed with a descent data. One can prove that Desc(S,) is 
always a topos. More precisely, Desc(S 9 ) is the inductive limit of the diagram 
S, in the 2-category of topoi. 

The most simple non-trivial example is the following. Let S be a topos and 
let U be an object of iS. We consider the truncated simplicial topos 

(S,U).: S/(UxUxU) =Z S/(UxU) S/U 

where these morphisms of topoi are induced by the projections maps (of the form 
UxUxU^-UxU and U xU — > U) and by the diagonal map U — > U x U . It 
is well known that, if U covers the final object of S, then the natural morphism 

Desc(S,U). — ► S 

is an equivalence. In other words S/U — > S is an effective descent morphism 
for any U covering the final object of S. 

We will also use the following example. Let G be a discrete group acting on 
a scheme Y . The truncated simplicial scheme 

GxGxY =l : GxY Y 
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defined by the action of the group G on Y induces a truncated simplicial topos 



(G,Y et ). : (G x G x Y) et ^ (G x Y) et ^ Y et 

The descent topos of this truncated simplicial topos is precisely the category of 
G-equivariant etale sheaves on Y : 

S et {G,Y) := Desc((G,Y et ).). 

Theorem 3.32. There is an equivalence 

(rf\j ls )^s et (w k ,Y). 

Proof. Firstly, there is a canonical morphism of topoi 

/ : (TrKju) — ► B^ k 

induced by the morphism /* of left exact sites defined as follows. The functor 
/* sends a W k -set Z to the object (Z, Z,Idz) of T Y m , where Wk (respectively 
W k ( v ^) acts on Z via the map Wk — >• W k (respectively via W k ^ — > W k ). 
Let EW k be the object of Byy 1 defined by the action of Wk on itself by mul- 
tiplications. One has f*(EW k ) = y(EW k ,EW k ,Id). Adapting the proof of 
Proposition 13.261 to this context, we obtain the following equivalences : 

(Tf\J ls )/r(EW k ) ~ (T Y m /fEW k ,J ls ) ~ (T™\J ls ). 
By Proposition 13.31] we have 

(8) Y$T/f*(EW k ) := (Tf\J ls )/f(EW k ) ~ (Tf\J ls ) ~ (Et^J et ) =: Y et . 

The morphism from f*EW k to the final object of (T Y m ,Jis) is certainly an 
epimorphism, i.e. a covering morphism. We consider the truncated simplicial 
topos Si obtained by localization: 

Y™/(f* EW k x f*EW k x f*EW k ) ^ Y^ m /(f*EW k x f*EW k ) = Y^/f*EW k 

The descent topos of this truncated simplicial topos Si is canonically equivalent 
to Yyy 1 since f*EW k covers the final object: 

YjT ~ Desc(Sl) 

By ([8]), the truncated simplicial topos Si is equivalent to 



S. 2 : Y et /(g*W k x g*W k ) = Y et /g*W k = Y 



et 



where g : Y e t — > Sets is the unique morphism. One has (g*W k x g*W k ) = 
g*(W k xW k ) and 

9*W k = g*(]J{*}) = ]J <?*({*}) = ]Jy(Y) = y(J]F) = y(W k x Y) 
w k w k w k w h 

where {*} and y(Y) are the final objects of Sets and Y e t respectively, since g* 
commutes with finite projective limits and arbitrary inductive limits. We obtain 

Y et /g*W k = Y et /y(W k xY) = (W k x Y) et 
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since the projection W k X Y — > Y is an etale morphism of schemes, and 
Y et /(g*W k x g*W k ) = Y et /y(W k x W k x F) = (W fc x W fc x F) et 
The truncated simplicial topos 5^ is equivalent to 

S. 3 : (WfeX^xF), = (W k xY) et ^ F ei 

where the maps of this simplicial topos are given by the group structure of W k 
and its action on Y. Hence we have equivalences of truncated simplicial topoi : 

Si ~ S 2 . ~ S 3 

inducing equivalences between the associated descent topoi: 

Y^ 1 ~ Desc^. 1 ) ~ J Desc(5. 2 ) ~ £>esc(S?) ~ 5 ei (^,F). 

□ 

Recall that Lichtenbaum has defined in [7] the Weil-etale cohomology as fol- 
lows: 

Hfr(Y,A) :=R n (T^)A 

Here A is a W^-equivariant abelian etale sheaf on Y and Ty h is the functor of 

VFfc-invariant global sections on Y. This cohomology is precisely the cohomology 
of the Weil-etale topos S e t(W k ,Y). Indeed, the latter is defined as i? n (a*).4 
where a : S e t(W k ,Y) — > Sets is the unique map from the Weil-etale topos to 
the final topos. But we have canonically a* = Ty k . 

4. The Weil-etale fundamental group 

4.1. Local sections. For W a locally compact topological group and I a closed 
subgroup of W, it is not known in general that the continuous projection W — > 
W/I admits local sections. The result below, due to P. Mostert , shows that 
local sections do exist when W/I is finite dimensional. We denote below by 
dim(X) the covering dimension of the space X in the sense of Lebesgue. Note 
that, for any locally compact space X, we have the inequality 

cd(X) < dim(X) 

where cd(X) denotes the cohomological dimension that is used in |13j . 

Theorem 4.1. Let W be a locally compact topological group and let I C W 
be a closed subgroup such that W/I is finite dimensional. Then the continuous 
projection W —> W/I has local sections. If W/I is 0- dimensional, then the 
projection W — > W/I has a global continuous section. 

Proof. This is [13J Theorem 8. □ 

Corollary 4.2. Let W be a finite dimensional locally compact topological group 
and let I ^W be a closed subgroup. Then the continuous projection W — > W/I 
has local sections. 



Proof. By |13| Corollary 2, if W is finite dimensional then so is W/I, and the 
result follows from the previous theorem. □ 
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Lemma 4.3. Let L/K be a finite Galois extension of number fields. The the 
idele class group Cl and relative Weil group Wl/k have both finite dimension. 

Proof. Let us first note that Cl is an open (and closed) subgroup of Wl/Ki 
hence 

&m(W L/K ) = dim(Ci). 
Global class field theory provides us with an exact sequence of topological groups 

i -> cl^ c L -> at -> i, 

where C£ is the connected component of Cl- We mean by the term exact 
sequence that C£ is a closed normal subgroup of Cl endowed with the induced 
topology and that G a L h becomes isomorphic to the group Cl/C\ endowed with 
the quotient topology. The space Gf/ is profinite hence compact and totally 
disconnected. Hence dim(G^) = 0. By Theorem I4.1[ the continuous map 
Cl — > G°t has a global continous section. We obtain an homeomorphism Cl — 
C\ X G\ h (which is not a group morphism). We obtain 

dim(Ci) < dim(C£) + dim(Gf) = dim(C£). 

But the connected component C£ is the product of M. with r\(L) + ^(L) — 1 
solenoids and r2(L) circles. Recall that a solenoid is a filtered projective limit 
of circles: 

V := Z^mS 1 
hence V is of dimension 1. We obtain 

d[m(W L/K ) = dim(C L ) < dim(Cg) < n(L) + 2r 2 (L) = [L : Q] 

□ 

Corollary 4.4. Let L/K be a finite Galois extension of number fields. The 
map Wk — > Wl/k has local sections. The relative Weil group Wl/k.s h- as finite 
dimension and Wk — > Wl/k,s ^ as l° ca l sections. For two Galois extensions 
V /L/K, the map Wl>/k,S ~* ^L/K,s ^ as local sections. 

Proof. The group Wl/k,s * s ^ ne quotient of Wl/k d Y a closed subgroup. Hence 
Wl/k,s nas finite dimension by Lemma 14.31 and [13J Corollary 2. The maps 
Wk — > Wl/k-: Wk — > Wl/k.s an d ^l'/k,s ~^ ^l/k,s are an quotient maps 
of locally compact groups by closed subgroups with finite dimensional targets. 
Those results follow from Theorem 14.11 □ 

4.2. Weil groups. 

4.2.1. Again we consider a connected etale X-scheme U endowed with the data 
13.241 Thus we have a geometric point qy : SpecF — > U over SpecF — > X, i.e. 
a sub-extension F/K/F, where K is the function field of U. The Weil group 
of K is Wk '■= (P~ 1 Gk- If m is a closed point of U lying over v E X, then the 
Weil map 9 V : Wf v -> Wf of Data 13. 1(6) induces a Weil map 9 U : Wk u -> Wk- 
We denote by W K C Wk u the maximal compact subgroup, which should be 
thought of as the inertia subgroup. 
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Definition 4.5. We define the Weil group W(U,qp) of the pair (U,qjj) as the 
quotient 

W(U,q D ) :=W K /N D 

where Njj is the closure of the normal subgroup in Wk generated by the images 
of the maps 

w l Ku m- W Ku -> W K 
where u runs through the closed points of U . 

We will show below that this group W(U, qg) is the limit in the category 
of topological groups of a projective system of topological groups, i.e. of a 
topological pro-group. We can either consider this topological pro-group or we 
can consider its limit as a topological group. It turns out that a topological 
pro-group contains more information than its limit computed in the category of 
topological groups. For example, there exist non-trivial strict pro-groups whose 
limit, computed in the category of topological groups, is the trivial group. Topos 
theory provides a natural framework to overcome this kind of pathologies. 

Let (U, qfy) be as above and let F/L/K be a finite Galois subextension, where 
the algebraic closure F/K is given by the geometric point qfj. 

Definition 4.6. We consider the topological group W(U,L) defined as the quo- 
tient 

W(U,L) :=W L/K /N D ^ 

where Ny^ L is the closure of the normal subgroup in W^/x generated by the 
images of the maps 

w l Ku W Ku -> W L/K 
where u runs through the closed points of U . 

Definition 4.7. We denote by W_(U, qjj) the strict topological pro-group 

W{U,q ) := {W{U,L) ; F/L/K finite Galois} 

indexed over the system of finite Galois subextension of F/K. 

Recall that the term "strict" means that the transition maps 

W(U,L') — ► W{U,L) 

have local sections. This follows from Theorem 14.11 Lemma 14.31 and from the 
fact that W(U, L) is the quotient of W^/^ by a compact subgroup. 

Proposition 4.8. The canonical morphism of topological groups 

a : W(U, q ) — ► l£m W{U, L) 

is an isomorphism, where the right hand side is the projective limit computed in 
the category of topological groups. Moreover the map 

W(U,q ) — > W(U,L) 

has local sections. 
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Proof. Consider the product decompositions 

W(U, qo) ^ W l {U, q ) x R and W(U, L) ~ W\U, L)xR 

where W l {— ) is the maximal compact subgroup of W(— ). We have 

ljmW(U,L) ~l ! imW 1 {U,L) x R 

since projective limits commute between themselves (in particular with prod- 
ucts). Hence it is enough to show that 

a 1 : W x (U,qjt) — ► tymW 1 {U,L) 

is an isomorphism of topological groups. For any L/K finite Galois, we have an 
exact sequence of topological groups: 

l^N a>L ^Wl /K ^W\U,L)^l 

Passing to the limit we obtain an exact sequence (since projective limits are left 
exact) 

(9) 1 ->• limNn j, ->• timW} /tr ->• limW 1 (U, L) 

By definition of Ny and l , the inclusion Ny <-)■ W\ factors through l^im Nq- l . 
We obtain an injective continuous map 

which has dense image, since all the maps Nfj Nq- L are surjective. This 
morphism n is an isomorphism of topological groups because Ny is compact. 
The exact sequence ([9]) then shows that a 1 is injective. On the other hand, the 
map 

W\U,q )^W\U,L) 
is surjective for any L, hence a 1 has dense image. Therefore a 1 is surjective and 
bicontinuous, since W^iJJ ,qfj) is compact. Finally, the map 

W(U,q D ) — > W{U,L) 

has local sections by Theorem 14.11 □ 

4.2.2. Let V be another connected etale X-scheme. The generic point of V is 
the spectrum of a number field L and we denote by S the finite set of places 
of L not corresponding to a point of V . The S'-idele class group Cl,s °f L is 
defined by the following exact sequence of topological groups 

(10) -> H Ol w -^C L ^ C l , s 

where H^gy 0^ * s *h e P r °duct of the local units 0£ := Ker{L* w — > M>o) 
indexed by the sets of places of L corresponding to a point of V. 

Definition 4.9. For any connected etale X -scheme V with function field L, we 
define the formation module C v of V as the S-idele class group of L 

C v := Cl,s 

where S is the set of places of L not corresponding to a point ofV. 
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The geometric point qjj : SpecF — > U gives a point of the etale topos 

: Sets — > U et 

and the etale fundamental group iri(U e t, qo) is well defined as a profinite group. 
This group is the Galois group of the maximal sub-extension of F/K unramified 
at any place of K corresponding to of U (regardless if such a place is ultrametric 
or archimedean) . More geometrically, we consider the filtered set of pointed 
Galois etale cover {(V,q v ) — > (U, qjj)} to define the etale fundamental group 

Tl(Uet, qtj) ■= l ^H}(v,qy) Gal(V/U) 

The pair 

(H) (^i(Uet,qu), l i!^(v,qy) C v) 

is a (topological) class formation (see |14| Proposition 8.3.8 and |14| Theorem 
8.3.12). This follows from the fact that if L/K is a Galois extension unramified 
over U, then the G^/^-module J^gy ®L W m P^P * s cohomologically trivial. 
Therefore, one can consider the Weil group associated to this class formation 
(see |15j). More precisely, one has a compatible system of fundamental class 
leading to a projective system of extensions 

1 -> C v -> W v/0 -> Gal(V/U) -> 1. 

This projective system is indexed by the filtered set of pointed Galois cover of 

Definition 4.10. The Weil group of the class formation (fTTI) is the projective 
limit 

W U,q : = l j™{V,q v ) W V/U 

computed in the category of topological groups. 

We have a canonical map W(U,pjj) — > lpjl(y,q v ) ^V/U =: ^U,qjy 

4.2.3. If W is an Hausdorff topological group, we denote W c the closure of 
the commutator subgroup of W, and by W ab = W/W c the maximal Hausdorff 
abelian quotient of W. 

Lemma 4.11. We have topological isomorphisms 

W(U,q D ) ab ~ C d and W{U,L) ab ~ C D 
for any finite Galois extension L/K. 

Proof. Recall that K is the number field of U and that L/K is a finite Galois 
extension. We have W^ b K ~ Ck- The morphism W^, K — > W /1 (C7, L) is surjec- 
tive and closed. Hence W(U, L) c is the image of W£, K . On the other hand, the 

image of Np L C W^/j^ in Ck is ni)gc7 ®k • Since quotients commute between 
themselves, we have 

W{U,Lf b = Wf IK / J] Kv =: C D . 
veu 

The proof concerning W(U, qjj) is similar. □ 
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Corollary 4.12. The topological pro- group 

W(U,qu) ab ■= {W(U,L) ah ; L/K finite Galois} 

is constant and can therefore be identified with a usual topological group. One 
has an isomorphism of topological groups 

W(U,Qu) ab ^C . 

4.3. Normal subgroups. Let Q be a group object in a topos S. A subgroup 
of Q is an equivalence class of monomorphisms of group objects ri Q. A 
quotient of Q, the dual notion, is an equivalence class of epimorphisms of group 
objects Q -» Q. 

Such a subgroup is said to be normal if the conjugation action of Q on itself 
induces an action on fi. In other words, H is normal if there exists a commu- 
tative diagram 

gxg^^g 



G xU *U 

where c is the conjugation action on G (which can be defined on sections, or 
more directly as the conjugation action on a group object in any category). If 
such an induced action of G on M does exist, then it is unique since fi >■ G is 
mono. 

Let fl ^ G be a subgroup. Consider the quotient G /W in T of the equivalence 
relation 

HxG^G, 

where the arrows are given by projection and multiplication. Then Q /% has 
a group structure compatible with the group structure on G (i.e. the map 
G — > G/H is a group morphism) if and only if rt is normal in G- 

In particular, let / : G' — > G be a morphism of group objects. The kernel of 
/ is defined as 

Ker(f) := Q' x g * 

where * — > G is the unit section. Then Ker(f ) is a normal subgroup of G' ■ 

4.3.1. Normal subgroup generated by a subgroup. Let i : ri "—t G be a subgroup. 
Consider the category of triangles 



N 




H^^G 

where the maps are all monomorphisms of groups and is normal in G- This 
category is not empty since it contains Ida as the final object. The normal 
subgroup generated by H in G is the projective limit in T 



N{U) := limN, 
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More precisely, J\f(H) is the projective limit of the functor that sends a trian- 
gle as above to N. We check immediately that Af(H) is the smallest normal 
subgroup of Q containing H. 

4.3.2. Subgroup generated by a family of subgroups. Let {Hj ^ Q, j £ J} be a 
family of subgroup of Q. We define analogously the subgroup 

< Hj, j € J >^ Q 

generated by the Hj's in Q. In what follows, we denote by 

Hi yn 2 

the subgroup generated by two subgroups H\ and Hi in Q. 

4.3.3. We consider now subgroups of representable group objects in T ■ Let 
G is a (locally compact) topological group. A topological subgroup of G is a 
subgroup H C G endowed with the induced topology. A topological quotient of 
G is a quotient G/H endowed with the quotient topology, where H is a normal 
subgroup. 

Lemma 4.13. Let y(G) be a group ofT representable by a topological group G. 
The following are equivalent. 

(1) G is discrete. 

(2) Any subgroup of yG is representable by a topological subgroup of G. 

(3) Any quotient of yG is representable by a topological quotient of G. 

Proof. By ( |10) Lemma 10.29) the unique morphism 

ej- : T — > Sets 

is hyper connected. This means that, for any set I, the (ordered) set Subsets(I) 
of subobjects of / in Sets is in 1 — 1 correspondence with the set Subr{eX-I) of 
subobjects of e^-I in T ■ Note that Subsets(I) is just the family of subsets of /, 
and that eij~I = y(I) is the sheaf of T represented by the discrete topological 
space /. Thus we have (1) (2). We have also (1) => (3) for the same reason. 
Let us write a more direct proof of this fact using (1) => (2). Let G be a discrete 
group. If 

/ : yG - Q 
is a quotient in T, then the kernel 

Ker(f) :=yGx Q * ^ yG 

is a subobject of yG in T ■ Therefore Ker(f) = y(K) is a representable by a 
usual subgroup K C G, and we have 

Q = y(G)/y(K) = y(G/K) 

since the map G — > G/K has (obviously) local sections (see [3] Lemma 4). 

We claim that (2) =>■ (1) and (3) =>■ (1). Let G be a non-discrete topologi- 
cal group. We denote by G s the abstract group G endowed with the discrete 
topology. The injective continuous map G s — >• G yields a monomorphism in T ■ 

yG 5 yG. 
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This map is not an isomorphism. Indeed, the Yoneda functor is fully faithful and 
the identity map G — > G s is not continuous. Hence yG s is a proper subgroup 
of yG. But yG 5 is not representable by a topological subgroup of G, since the 
induced morphism on global sections 

erAvG 5 ) ■= Hom Top (*,G s ) = G 5 — > e T) *(yG) := Hom Top (*,G) = G s 

is an isomorphism. Similarly the quotient 

yG/yG 8 

is not representable by a quotient of G, since the kernel of the map yG — > 
yGjyG 5 is not representable by a topological subgroup of G (this is yG 5 ). □ 

Lemma 4.14. Let W be a locally compact finite dimensional topological group 
and let N% and N 2 be two normal compact subgroups ofW. Let N\ V N 2 be the 
normal topological subgroup of W generated by N\ and N 2 , endowed with the 
induced topology. Then N\ V N 2 is compact and the canonical map 

yN x V yN 2 — ► V N 2 ) 

is an isomorphism of subgroups ofyW. Moreover, one has 

yWftyNx V yN 2 ) ~ y{W/N x V N 2 ). 

Proof. The subgroup y(N\ V N 2 ) «— )■ y(W) contains both yNi and yN 2 . Hence 
it contains (yN\ V yN 2 ) as well, i.e. one has 

(yNi V yN 2 ) y(Ni V N 2 ) ^ yW 

We show below that the inverse inclusion holds. 

Any element of N\ V N 2 is of the form xy for x G Ni and y £ N 2 . We have a 
continuous map 

iVi x N 2 -> W x -> W, 
where the second map is the multiplication. The image of this map is precisely 
N\ V N 2 hence we obtain a surjective continuous map 

Ni x N 2 — > N\ V N 2 . 

This shows that JVi V N 2 is compact. Note that this map is not a morphism of 
groups in general. This map induces a bijective continuous map 

(12) Ni x N 2 /{Ni n N 2 ) — ► Ni V N 2 

where the group [N\ fl N 2 ) acts on the space N\ x ^2 by 

a(x,y) = (xcr _1 ,cry) 

for any a € (iVi fl N 2 ) and (x, y) € Ni x A^2- The map (fT2|l is also closed since 
N\ x N 2 /{N\ H N 2 ) is compact, hence we get an homeomorphism 

iVi x JV 2 /(JVi n iV 2 ) ~ JVi V iV 2 . 

The map Ni x A^2 — > N\ x N 2 /(Ni D N 2 ) is a local section cover by Corollary 
14.21 Indeed, (N\ C\N 2 ) is a closed subgroup of the compact group Ni x A^2, and 
N\ x ./V2 is finite dimensional since N\ and N 2 are two compact subgroups of W 
which is finite dimensional (see [13] Corollary 2). Hence the map 

y(iVi x N 2 ) y(iVa V iV 2 ) 
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is an epimorphism in T (again, this is not a morphism of groups in general). 
It follows that y(N\ V N 2 ) is the image of the map 

y(N 1 x N 2 ) -> y{W x W) -> yW, 

where the second map is the multiplication. In other words, one has the epi- 
mono factorization 

y(Ni x N 2 ) -» y{N ± V N 2 ) ^ yW. 

But the image of y{N\ x N 2 ) in y(W) is contained in (yNi V yN 2 ) (check this 
on sections), hence we have 

y(Ni V N 2 ) ^ (yNi V yN 2 ) ^ yW 

We obtain y{N\ V N 2 ) = {yN\ V yN 2 ) (recall that the set of subgroups of yW 
has is an ordered set). In particular, one has 

yW/{y{N x ) V y{N 2 )) = yW/y^ V N 2 ) = y{W/N x V N 2 ) 

where the last equality follows from the fact that W — > W/N\ V N 2 has local 
sections, since N± V N 2 is a compact subgroup of the locally compact and finite 
dimensional group W (see Corollary 14. 2\i . □ 

Remark 4.15. The previous result generalizes immediately to the case of a 
finite number of compact normal topological subgroups {Nj C W, 1 < j < n}. 

Let L/K be a finite Galois extension of number fields (inside the fixed alge- 
braic closure F /K) and let 

1 ->• C L -> W L/K -> G L/K 1 

be the associated relative Weil group. Let v be a place of K and let W\ be 
the image of the composite morphism 

Wk v ^ W Kv ^W K ^ W l/k 
endowed with the induced topology. We consider the topological normal sub- 
group N(Wft v ) of Wl/k generated by Wj^ . We consider also the normal sub- 
group M(yWj <v ) of yW L j K generated by yW^ v . 

Lemma 4.16. With the notations above, the group N(W^J) is a compact sub- 
group ofW L/K . 

Proof. Let F /L/K be a finite Galois sub-extension. The image of W\_ in Wk/f 
is topologically isomorphic to W^,^, i.e. one has 

wk w -wl w/Kv . 

Here W^ , K is the maximal compact subgroup of Wl w /k v i which is in turn 
given by the group extension 

1 -> LI -> W Lw/Kv -> G(L W /K V ) -> 1 

where w is a place of L lying above v. More precisely, , K is given by the 
following extension 

1 -> Ol m -> Wl w/Kv I(L W /K V ) -> 1 
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where I(L W /K V ) is the usual inertia subgroup of G(L W /K V ). The map W\ , K — > 
Wl/k sits in the (injective) morphism of group extensions 

i — - oL — - K w/ k v — - I(L W /K V ) — 1 

1 C L - W L/K ^ G(L/K) - 1 

We thus have 

w L/k v nC L = ol w 

where the intersection makes sense inside Wl/k- The conjugation action of 
Wl/k on Cl corresponds to the Galois action. Hence for any r\ <G Wl/k, we set 
a = 99(77) and we have 

r]Of r]- 1 = Of C C L . 

We denote by 

N v := N(W l Kv ) 

the normal subgroup generated by j K in Wl/k- We obtain 

H<DZ w cN v nC L 

w\v 

and a quotient map (hence surjective, continuous and open) 
Cl := C L / [J O x Lw — ► C L /(N V n C L ). 

On the other hand, we have 

</?(Ay = G(L/K un ) c G(L/K) 

where K un /K is the maximal subextension oi L/K unramified above u, since 
ip(N v ) is the normal subgroup of G(L/K) generated by I(L W /K V ). We have 
the following commutative diagram with exact rows : 

1 ^ N v n C L »- N v > G(L/K un ) 1 

1 C L W L/K ^— G(L/K) 1 



Cl/Cl n N v W l/ k/N v G(K un /K) 1 



^ K un 



, G(K un /K) 



1 



In the diagram above, W Kun / K is the extension of G{K un / K) by C Kun 
Cx un I W w \ v K u n corresponding to the fundamental class (note that \\ 
is a cohomologically trivial G(K un / K)-module since K un /K is unramified at 



w\v ®K™ 
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v). It can be seen from the diagram above that Cl/Cl H N v is a G(L/K un )- 
invariant quotient of Cl. To reach the same conclusion, one can also observe 
that the group Cl H N v contains the group generated by the family 

{aa(a)~ 1 = ana~ l r]~ l , a £ C L , a £ G(L/K un ), 77 G N v , a := <p(j))} 

since aa(a)~ 1 E Cl and arja^ 1 !]^ 1 6 A^ for any a € Cl and 77 £ N v . Let 
H (G{L/K un ),C v L ) be the maximal G(L/AT un )-invariant quotient of C£, en- 
dowed with the quotient topology. We obtain a continuous surjective open map 

H (G(L/K un ),Cl) — ► C L /C L n JV„. 

Considering the norm map, we obtain a commutative triangle 

H (G(L/K un ), CD C L /C L n N v 




H°(G(L/K un ),Cl) 

More precisely, the norm map N can be decomposed as follows : 

(13) N : H (G(L/K un ),C v L ) -» C L /C L DN V -» C£ u „ ^ H°(G(L/K un ),C v L ). 

The kernel and cokernel of the norm map N are given by the following exact 
sequence 

-y H- 1 (G(L/K un ),Cl) -> H (G(L/K un ),C v L ) -y H°{G{L/K un ),C v L ) ~> H°(G{L/K un ),C v L ) -> 1 

Using class field theory, we prove easily that H~ l (G{L/ K un ),C v L ) and H°(G(L/K un ),Cl) 
are both finite. In particular, the continuous open and surjective map 

Cl/Cl n A 7 ,, — > Cj( Un 

has finite kernel. It is a finite etale Galois cover (in the topological sense), hence 
a local homeomorphism. Hence Cl/Cl H iV„ is Hausdorff, i.e. Cl H A^ is closed 
in C/,. But N v is contained in W^, K , hence Cl(~\N v is a closed subgroup of C\, 

where C\ denotes the maximal compact subgroup of Cl- Therefore Cl H 
is compact, and Af„ is an extension of the finite group G(L/K un ) by Cl H A 7 ,,. 
Hence A^ is compact as well. □ 

Lemma 4.17. IFe &eep £/ie notations of Lemma \4-16\ One has the equality 

M{yW l Kv )=yN{W 1 Kv ). 

of subgroups of u(Wl/k) inT. 

Proof. Following the notations of the previous proof, we set 
N v := N{W l Kv ) and M v := M{yW x Kv ). 

We have the following morphism of exact sequences of group objects in T, where 
the vertical maps are all monomorphisms. 

1 M v x yWL/K yC L M v yG(L/K un ) - 1 



yC L yW L / K — ^ yG(L/K) 1 
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The subgroup M v x y w L/K 2/Cx contains 

(14) yWl /Kv x yWL/K yC L = y(Wl /Kv n C L ) = y(0*J 

since the Yoneda functor commutes with fiber products. Hence M v XyW L / K I/Cl 
contains the conjugates in yW^/K of the subgroup fjl4H : 

for any r/ G Wl/k with a = <j)(rj). Thus N v Xy\v L / K yCh contains the subgroup 
of yW^/x generated by those subgroups : 

< yOl (w) , o G G(L/K) >= y(< Ol (w) , a G G(L/K) >) = yJI^J' 

w\v 

where the first identity follows from Lemma 14.141 Let a G G(L/K un ), and 
consider the topological subgroup of Cl given by 

(Id - a)(C L ) := {aa(a)" 1 , a G C L }. 

Then (Id — <t)(Cl) is compact, since it is the image of the continuous morphism 

Cl — > C L 
a i — > aa(a) 1 

where C\ is the maximal compact subgroup of Cl. Using this fact and an 
argument similar to the proof of Lemma I4.14[ we see that we have the inclusion 

y((Id - (t)(C l )) ^ K x y w L/K yC L 

of subgroups of yWL/K- Therefore, M v XyW L / K y^h contains the subgroup of 
yWL/K generated by all the subgroups considered above : 

< y(R °V ; y( Id - °)( c l) v * e g(l/k w ) > ^ m v x vWl/k y c L . 

w\v 

We have above a finite number of compact subgroups of Wl/k- By Lemma 
I4.14[ we obtain 

y(e):=y(<n°L ;(Id-a)(C L )VaeG(L/K™)>) ^ N v x y w L/K yC L - 

w\v 

where 9 : = < U w \v°L w \ ( Id ~ a )( C L) V a G G(L/K un ) > is a topological 
subgroup of Cl- Note that we have 

C L /Q = H (G(L/K un ),Cl). 

The proof of the previous lemma shows that G is a subgroup of finite index in 
N v DCl, since the norm map N has finite kernel (see (I13p ). More precisely, we 
have the following exact sequence of topological groups 

l^H'^ C L /Q = H (G(L/K un ),C v L ) C L /N V nC L ^l 

where H' is a finite subgroup of H^ 1 (G(L/ K un ),C[). In particular, is open 
in N v DCl- We have monomorphisms 

ye M v X v w L/K yC L ^ y(N v C\C L )- 
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This implies that J\f v *yW L / K yCi is representable by a topological group, as it 
follows from Lemma 14,131 
Now the exact sequence 

1 -> M v x yWL/K yC L ^M v ^ yG(L / K un ) -> 1 

and the fact that the Yoneda functor y : Top — > T commutes with (disjoint) 
sums (of topological spaces) show that J\f v is itself representable. Hence M v 
is representable by a topological group N„, and we have continuous injective 
morphisms of topological groups 

since the maps yQ and yN' v yN v are both monomorphisms in T ■ But 
is open in N v , hence N' v is a topological subgroup of N v , i.e. N' v C N v is 
endowed with the induced topology. 

Moreover Af v = yN' v is normal in yW^jK, hence so is N' v in W^/k (since 
Yoneda is fully faithful). Finally must contain W K and we get N' v = 
N(W K J = N v hence 

M v = yK = yN(Wk v ). 

□ 

4.4. A generating family for the Weil-etale topos. Let U be a connected 
etale X-scheme endowed with Data [3^241 We denote by K the function field of 
U. In this section, we define a simple topologically generating family for the 
site {Tjj^Jis) (hence a generating family for the topos Uw)- This has already 
been used to show that Uw is connected and locally connected over T, and this 
will be necessary to compute the fundamental group of Uw- 

Let us fix a finite Galois sub-extension F/L/K, an open subset V of U, a 
point u of U and a locally compact topological space T. In this section, we 
denote by N the closed normal subgroup of Wl/k generated by the subgroups 

Wft C Wl/k f° r anv closed point v G V. Let (N,W K ) be the subgroup of 

Wl/k generated by N and W Ku . This subgroup is compact hence closed. We 
define an object of Ty 

Gl,v,u,t ■= (Go xT,G v x T,g v ) 
as follows. If u is not in V, we consider 

G = W L/K /(N,Wkj 

as a W^-space and 

G V = W L/K /(N,W K J 
as a Wfc(„)-space for any point v of V Q U. Then we set G u = W^ u ^ on 
which acts by multiplication, and G v = anywhere else. The group Wk 

(respectively W^r v -\) acts on the first factor of Go x T (respectively of G v x T). 
The map 

g v : G v xT — > G x T 
is the identity for any point v of V C U, and the continuous map 

g u : W k{u) xT = W K JW Ku x T — > W L/K /(N, W K JxT 
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is induced by the Weil map Wk u — > Wk- 

If u € V we define Ql,v,u,t as above except that we set 

G u = W L/K /(N,Wk u ) = W L/K /N. 

Notation 4.18. We denote by Ql,v,u,t the object of Tjj defined above. IfT=* 
is the one point space, then we set Ql,v,u '■= Ql,v,u,*- 

For any space T of Top, one has a product decomposition in Tjj : 

<3l,v,u,t = Ql,v,u x t*T 

where t*T = (T, T, Idx) is the constant object of Tjj associated to the space T. 

Definition 4.19. Let Gjj be the full subcategory of Tjj consisting in objects of 
the form Ql,v,u,t, where F/L/K is a finite Galois sub-extension, V is an open 
subset of U , u is a point of U and T is a locally compact topological space. The 
category Gjj is endowed with the local section topology Ji s . 

Theorem 4.20. The canonical morphism 

Uw — ► (Gf/, Jis) 

is an equivalence. 

Proof. We have a composition of fully faithful functors 

G -> T D -> U w 

where the second functor is the Yoneda embedding. The local section topology 
on G(j is the topology induced by the local section topology on Tjj via the in- 
clusion Gjj Tjj. Hence J\ s on Gjj is the topology induced by the canonical 
topology of Uw via the composite functor defined above. But the Yoneda em- 
bedding takes a topologically generating family of a site to a generating family 
of the corresponding topos. Hence it remains to show that Gjj is a topologically 
generating family for the site (Tjj, Jis). In other words, we need to prove that 
any object of Tjj admits a local section cover by objects of G%- 

Let (Zq, Z v , f v ) be an object of Tjj. The action of Wk on Zq factors through 
Wl/k, for a finite Galois extension L/K. Since the group Wl/k is locally 
compact, its action on the space Zq yields a continuous morphism of topological 
groups 

9 ■ W L/K — > AmLto P ( z o) 

where the group Aut Top (Zn), of homemorphisms of Zq, is endowed with the 
compact-open topology. The space Zq is Hausdorff hence so is the topological 
group Aut T „ p (Zo). It follows that the kernel of p is a closed normal subgroup 
of W L/K : 

Ker(p) C W K/F . 

Let V be the open set of points of U such that f v is an homeomorphism. Take 
the generic point u = uq of U and T = Zq as a topological space. Let N be the 
closed normal subgroup of Wl /k generated by the subgroups W Kv C Wi /k for 
any closed point v G V. The action of Wk on Zq factors through W L j K /N, since 
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the kernel of the continuous morphism p is closed in W^/^. Hence p induces a 
continuous morphism 

W L/K /N — ► Aat Top (Z ). 

Such an action is given by a continuous map 

G x T := W L/K /N xZ ^Z 

which is H^-equivariant. This map has an obvious global continuous section. 
We obtain a morphism in Tjj 

Gl,v,u ,z — > (Z ,Z v ,f v ) 

which is a global section cover over any point v € V. 
Let u 6 U — V . Here we consider 

Ql,v,u,z u = (Gq x Z U ,G V x Z u ,g v ), 

with G v = Go = Wl/k / (N, Wj^ ) for any v G V. The second projection gives 
a Wfc^-equivariant continuous map 

4>u '■ G u x Z u := Wk( u ^ x Z u — > Z u 

which has a global continuous section. Then there exists a unique morphism in 

<P '■ Gl,v,u,z u — > (Zo, Z v ,f v ) 
inducing <p u at the point u EU. Indeed, the given Wfc( u )-equivariant continuous 
ma P fu- Z u ^f Zo provide us with a W/^-equivariant map 

00 : Go x Z u := W L/K /(N, W x Ku ) x Z u — > Zo 

For any point v of V, the same map <j> v := (f>o is also H^(„)-equivariant and 
continuous : 

<f> v : G v x Z u := W L/K /(N,Wkj x Z u — ► Z ~ Z v . 
We have obtained a local section cover of Z := (Zo, Z v , f v ) by objects of Gy 

{Gl,v,u ,z Z, Gl,v,u,z u ->• Z for u G U - V} 
Hence (the essential image of) Gy is a generating full subcategory of Uyy en- 
dowed with the topology induced by the canonical topology. The result then 
follows from ([5j IV Corollary 1.2.1). □ 

Corollary 4.21. Consider the full subcategory Cy of Ty consisting in objects 
(Zq, Z v , f v ) such that the canonical morphism in T 

yZo/yW K — ► y(Zo/W K ) 

is an isomorphism with Zq/Wk locally compact. Then Cy is a topologically 
generating family of Ty . 

Proof. It is enough to show that 

Gl,v,u,t = (Go xT,G v x T,g v ) 

satisfies those properties. The map 

W L/K ^W L/K /(N,Wkj 
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admits local sections by Corollary 14.21 since W^/k is locally compact and finite 

dimensional, and (N,W K ) is compact hence closed. The map Wk — > ^l/k 
admits local sections by Corollary 14.41 We obtain an epimorphism in T 

y WK _ y(W L/K /(N,W l Ku )). 

Hence the quotient of the action of yWx on u{Wl/k/(N, W K )) is the final 
object of T ■ Thus the quotient of 

y(G x T) := y(W L/K /(N,Wk u ) x T) = y(W L/K /(N,W K J) x yT 

under the action of yWx is yT, since inductive limits (in particular quotients 
of group actions) are universal in T. 

On the other hand, the quotient of the topological space 

G xT:=W L/K /(N,W K JxT 

by the action of the topological group Wk is the locally compact space T. □ 

Remark 4.22. The space of connected components of Gl,v,u,t is 

UQl,v,u,t = T. 

4.5. The category SLCf{Uw) of sums of locally constant sheaves. Let 

U be a connected etale X-scheme endowed with Data [3211 In this section, we 
denote by t : Uw ~ > 7~ the canonical map. This morphism t is connected and 
locally connected (see Theorem 14.271 (i)). 

4.5.1. Recall that an object £ of Uw is said to be locally constant over T if 
there exists a covering morphism T — > 1 of the final object of Uw, an object S 
of T and an isomorphism over J- 

CxT ~t*S xJ. 

Definition 4.23. An object C of Uw is said to be locally component-wise con- 
stant over T if there exists a epimorphism T — > 1 where 1 denotes the final 
object of Uw, an object S — > t\T ofT/t\ J r and an isomorphism over T 

C X t*S X in ,jr J". 

Proposition 4.24. An object C of Uw is locally component- wise constant if 
and only if £ is locally constant. 

Proof. Any locally constant object is locally component-wise constant. Indeed, 
if C is locally constant then one has 

CxF~t*S xT = t*S x tHiT x t * UF F = t*{Sx hF) x tH]T F. 

The converse is also true. Let £ be a locally component-wise constant object. 
There exist T covering the final object, S — > t\J- and an isomorphism over T 

£ X J 7 ~ t*S X t * t , jr T. 

By Theorem 14.201 there exists an epimorphic family { — >■ J~,i € /} where J~i 
is represented by an object QLi,Vi,Ui,Ti of Gq. Choosing a point of for any 
element i of the set I, we obtain a map 

Q ■= WyQLi,Vi, Ui ,* -> ]J yC/Li.vi.ui.Ti -> ? ->• i 

iei iei 
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which is a cover of the final object of Uyy. Then we have 

Cxg = cxTx T g ~t*s x t , tlT Tx F g = t*s x t * MT g = t*(s x M tMG) x tH , g g. 

Hence one can assume that J- = g. Note that t\,g is the object of T represented 
by the discrete set /, so that S — > hg = I can be seen as a family of objects Si 
of T, indexed by the set /. We set C/j := Ghi v it Ui,* an d we have CxQi ~ StX Qi- 
For any i,j El we consider an object /C = Gl,v,u,* of Gfj endowed with a map 
f£ — > Gi x Qy Then we have an isomorphism in the slice topos Uyy /K, 

(15) S t x K ~ C x JC ~ Sj x JC. 

But JC is connected over T (i.e. t[/C is the final object of T) and it follows that 
Uw/K- T is connected, so that there exists a (unique) isomorphism S{ c± Sj 
in T inducing (115|) . We obtain an isomorphism S 1 — ]Jj /Sj ~ Si x I over I and 
one has 

CxG = S x t , g G = S XiG — Si xG 
where iq is some fixed element of /. Hence C is locally constant. □ 

The category of "sums" of locally constant objects can be defined as follows 
(see [2] section 2, and [T] for more details). For any T covering the final object 
of Uw, one defines the push-out topos 

Uw I -F *" Uw 

T/t\F ^Sp\ F {U w ) 

By definition of the push-out topos, an object of Spl jr(Uw) is a triple (C,S,x) 
where C is an object of Uwi S an object of T /t\J- and \ ls an isomorphism in 

LxT ~t*Sx t , UT T. 

The morphisms in the category Sp\jr(U\v) are the obvious ones. 
The inverse image functor 

o T : Sp\jr(U w ) — ► U w 
(C,S, X ) — »- c 

is fully faithful, and its essential image is precisely the full subcategory of Uw 
consisting in locally component-wise constant objects split by T . 

Given two epimorphisms T — > e and T' —> e and any map T' — > J-, we have 
a canonical morphism Sp\ jn(Uw) —> Sp\j?(Uw) such that the triangle 

U W ^ Sp\ jr,(U W ) 

Pt',t 

Sp\ T {U w ) 

is commutative. Hence two different maps f\\ T 1 —± T and /2 : J 7 ' — )• J 7 yield 
two morphisms pp, -p and pjp, -p that are isomorphic. 
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Definition 4.25. The topos SLC-j-(U\y) is defined as the projective limit topos 

SLC T (Uw) ■= l^nSpl T {U w ) 
where T runs over a small cofinal system of coverings of the final object ofUw- 
The canonical morphism 

(16) a : U w — ► SLC r (Uw), 

induced by the compatible maps o~jr, is connected and locally connected (see 
[2] Theorem 2.2) so that SLCf{Uw) can be seen as a full subcategory of Uw, 
which we call the category of sums of locally constant objects. 

4.5.2. The purpose of the fundamental group is to classify the category of sums 
of locally constant objects. The Weil-etale topos Uw is connected and locally 
connected over T (see Theorem 14.271 (i)). Consider a T-point p of Uw (see 
Theorem 14.271 (h)), i.e. a section of the structure map 

t : U w — >T. 

Composing p and the morphism (|16p , we obtain a point 

p : T — ► U w — ► SLC T (U W ) 

of the topos SLCf(Uw) over T ■ The theory of the fundamental group in the 
context of topos theory shows the following. We refer to [9] and [2] Section 1, 
or [2] Section 2 (and [1] for more details) for a different approach. There exists 
a "pro-discrete localic group" iri(Uw,p) in T well defined up to a canonical 
isomorphism and an equivalence 

B MUw,p) - SLC t(Uw), 
where B ni ^ w p ^ is the classifying topos of tti(Uw,p)- Moreover, the equivalence 
above identifies the inverse image of the point p : T — > SLCt{Uw) with the for- 
getful functor B^/fj w p \ — > T ■ In our situation, the "pro-discrete localic group" 
tti(Uw,p) is in fact (the "limit" of) a strict pro-group in T, as it follows from 
Theorem 14.271 More precisely, iri(Uw,p) is pro-represented by a strict locally 
compact topological pro-group in the sense of Definition 14.71 and Bni(Uw,p) ^ s 
the classifying topos of Wi(Uw,p) in the sense of Definition 12.41 

4.6. Computation of the fundamental group. Recall that one has a mor- 
phism 

j ■ B Wf — > X W - 

Lemma 4.26. If C is a locally constant object of Xw overT, then the adjunc- 
tion map 

£- — > j*f£ 

is an isomorphism. 

Proof. Let C be a locally constant object of Xw over T ■ There exist an object 
S of T, an epimorphism T — > e where e is the final object of Xw, and an 
isomorphism £x7~ t*S x T over T . Consider the morphism defined by base 
change of the adjunction map: 

(17) £ x J 7 — >■ j,j*C x T. 
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For any object U — >• J- of Xyy/F one has (using several adjunctions): 

Hom x w /A U i3*f C x F) = Homx w (U,j*f£) 

= Hom BwF (j*U,f£) 

= Hom BwF/j * T {fU,f{CxT)) 

~ Hom BwF /j*jr(j*U,j*(t*S x J 7 )) 

= Hom BwF (j*U,ft*S) 

= Hom Xw (U,j*ft*S) 

= H °mx w /A u ^*f t * s x 

Hence we have an isomorphism over T 

jJ*C x J" ~ j*j*t*S x 7", 
and a commutative diagram 

£ x T r —^-t*S x 7" 

UfL x 7 — =*■ j*j*t*S x J" 

where the map t*S x J 7 — > j*j*t*S x J 7 is an isomorphism by Corollary 13. Ill This 
shows that the morphism (flTl) is an isomorphism. But T — > e is epimorphic, 
so that the base change functor Xw Xy/JT is faithful, hence conservative. 
Therefore the adjunction map 

£ — > 

is an isomorphism. 

□ 

The following theorem is the main result of this paper. Data 13.11 gives a 
geometric point q x : SpecF — > X. Then we defined a T-point of Xw (see 
Proposition I3.8j> : 

p x -T — ► X w . 

Recall also that the Weil-etale topos of a connected etale X-scheme U is defined 
as the slice topos 

tJ w := X W / 7 *U. 

We consider below the topological pro-group W(U, qp) introduced in Definition 

Theorem 4.27. For any connected etale X-scheme U, one has 

(i) The topos U\y is connected and locally connected over T ■ 

(ii) A geometric point qp of the scheme U over q x induces a T -valued point 
Pjj over p x of the Weil-etale topos Uw> an d respectively. 

(iii) One has an isomorphism of topological pro-groups 

Ki{Uw,Pu)-W_{U,qu)- 
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Proof, (i) Composing the localization map Ijj : Xw/l*U — > Xw with t, we 
obtain the canonical morphism 

% : Uw := X w h*U -^X W ^T. 

The morphism ly is locally connected, since it is a localization map, i.e. a local 
homeomorphism (the left adjoint of 1^ is l{j\(J~ —> J*U) := J-). By [6] C3.3.2, 
the class of locally connected morphisms is closed under composition. Hence tjj 
is locally connected, i.e. has a T-indexed left adjoint tjj\. This functor is 
defined as follows ty, = t\ o ly,, so that we have 

for any object T — > j*U of the slice topos Uw- Let Id^*y be the final object of 
Uw- Then 

t m (Id r0 )=t l ( 1 *U) = {*} 

is the final object of T since U is connected (see Remark 13. 18|) . It follows from 
(|6j C3.3.3) that ty : Uw ^ T is connected and locally connected. 

One can also give the following easier - but less canonical - argument. By 
Proposition 13.261 (r^,j7/ s ) is a site for the topos Ul- The proof of Proposition 
13.91 is still valid by replacing with Tjj (without any other change) . This 
shows that Uw is connected and locally connected over T ■ 

(ii) A geometric point qfj : SpecF — > U gives a point of the etale topos 

qjy : Sets — > U et 
where q^y is the usual fiber functor. We obtain a morphism 

Pu = W x qx Px'-T = Sets xsetsT — > U et X w =■ X w 

defined over T ■ One can recover the geometric point qfj from pg. Indeed, let 
Pjj : T — > Uw be a 7~-point of Uw- Then we have a point of the etale topos 

(18) Sets ^T^U W — > U et , 

where the map Sets — > T is the canonical one (see [5j IV4.10). By ([5] VIII 
Theorem 7.9), the category of points of the etale topos of a scheme is equivalent 
to the category of geometric points (algebraic and separable) and specialization 
maps. Then the map (1181) corresponds to the given geometric point qy of U. 
However, two distinct T-points of Uw over p^ can induce the same Sets - valued 
point of U e t, hence the same geometric point. 



(iii) We make the choices listed in Data 13.241 Proposition 13.261 yields an 
equivalence 

{Tfj^is) — > Uw- 
This equivalence provides us with the morphism 

j : B Wk — > {Tjj,Ji s ) ^ U w 
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corresponding to the generic point of the connected etale X-scheme U. Then 
the T-point pp defined in (ii), using the geometric point of U given by Data 
13.241 is isomorphic to the map defined over T : 

p:=jo U :T — ► B Wk — > (T D ,J ls ) ~ U w 

where T — > Byy K is the canonical T-point of Bw K (see Proposition 13. 8p . In 
order to ease the notations, we denote here by j and p the maps jjj and pjj. 
Finally we denote by u : Bw K — > T the canonical map, i.e. the map induced 
by the morphism of groups Wk —> 1- 

If C is an object of Uw, then j*C is the object p*C of T endowed with an 
action of yiWx)- In other words, j*C comes with a morphism of groups in T : 

y(W K )^Aut T (p*C). 

The following proof consists in two steps : 

Step 1 : We define a projective system of Galois torsors in the topos 

Uw 

Let F/L/K be a finite Galois subextension given by a geometric point : 
SpecF — ) U over X. Consider the topological group W(U, L) of definition 14.61 
The morphism of left exact sites 

(19) t*jj : (Top,J op ) — > (T(j,Ji s ) 

factors through the morphism 

(9n] (B Top W(U,L),J ls ) — ► (T D ,J ls ) 

{ UJ Z — >• (Z,Z,Id z ) 

where Wk acts on Z via the morphism Wk — ^ W(U,L). Respectively, Wfc( u ) 
acts on Z via the morphism Wy v \ = Wk u /W^^ — > W(U,L). We obtain a 
commutative diagram of topoi 

B W K B W(U,L) 
m 

Uw— — -r 

where the map -Bjy^ ~~ * ^wilJ L) * s induced by the surjection 

Wjc — > W K IN(p,L) = W(U,L). 

The map 7r : f7w — > B w ^ L \ corresponds to the torsor 

Tors(C7,L) := n*EW(U,L) 

where EW(U, L) is the universal torsor of B w m t L\ given by W(U, L) acting on 
itself by multiplications. Note that TORS(£7,L) is a torsor of group W(U,L), 
which is connected over T. Indeed, its space of connected components 

%,ToRS(C?,L) = yW(U,L)/yW K 
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is the final object of T, since yWx yW(U, L) is an epimorphism in T. 
The last claim follows from the fact that Wk —> W(U, L) has local sections 
since W(U,L) is finite dimensional (see Theorem 14.11 and Lemma |4.3|) . The 
topological pro-group 

W{U,q ) := {W{U,L), for F/L/K finite Galois} 

yields a projective system of connected torsors 

(21) {Tors(U,L), for F/L/K finite Galois} 

This projective system of torsors is given by compatible maps to classifying 
topoi. By the universal property of projective limits, the pro-torsor (|21l) corre- 
sponds to an essentially unique morphism 

U w — ► l^nBy/{U,L) ='■ B W(u m ) 
into the classifying topos of the topological pro-group W_(U, qn). 

Step 2 : The pro-torsor (12 ip is universal. 

In other words, we have to show that any locally constant object C of Uw 
over T is trivialized by a torsor of the form TORS(t/,L). This is the technical 
part of the proof. 

Step 2.1. Let C be such a locally constant object. There exist an object 
S of T, an epimorphism T — > e where e is the final object of Uw, and an 
isomorphism 

(22) CxT~t*S xj 

over T. Since the full-subcategory of Uw defined in section WM is a gener- 
ating subcategory (see Theorem 14.201) . one can assume that T is representable 
by a sum of objects in Gp: 

iei 

For any index i £ I, a point of the topological space Tj ^ yields a morphism 

QLi,Vi,Ui ■= SLi,Vi,Ui,* > GLi,Vi,Ui,Ti 

in the category Tjj, where * denotes the one point space as usual. 

Recall that QhiV^m i s defined as follows. Here F/Li/K be a finite Galois 
sub-extension, Vi is an open subset of U, Uj is a point of U and Tj is a separated 
topological space. We denote by iVj the closed normal subgroup of W^/k 
generated by the subgroups Wh C W^./x for any point v £ Vi. Let (A^, Wh ) 
be the compact subgroup of W^./k generated by N% and Wj^ . The object 

Qi ■= yGLi,Vi,ui = y{Gifl,Gi tU ,gi : u) 
is then defined as follows. Assume that Uj is not in V{. We consider 

G tfi = W Li/K /(N u W 1 K J 

as a Wx-space and 

G itV = W Li/K /(N i ,WkJ 
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as a Wkr v \ -space for any point v of V, C U. Then we set (jj iUi = ^fc(uj) 011 which 
Wfc( u .) acts by multiplication, and Gi, u = anywhere else. 

Note that the image of Qi in the final object yU of Uyy, i- e - t ne support of 
the sheaf Qi, is precisely the subobject of yU given by 

Vi u {m} tr. 

The family 

{& ^yU,ie 1} 

is an epimorphic family, i.e. a covering family of the final object of the topos 
Uw for the canonical topology. Indeed, the corresponding family of Tg is a local 
section cover, as it follows from the facts that a map from an non-empty space 
to the one point space is a local section cover and that we have 

(23) |J {Vi u {m}) = u. 

Step 2.2. Applying the base change functor along the map (given by any point 
of Ti) 

Qi ■= yGLi,Vi,vn — y yGLuVi^uTi = 

to the trivialization (|22|) . we obtain an isomorphism over Qf 

£xQ t = (Cx Ti) x Ti Qi ~ {t*S x Fi) x Ti Qi = fS x Qi 
where S is an object of T ■ Applying in turn the functor j* we get an isomorphism 

(24) j*C x yG lfi = j*(C x Q % ) ~ j*(t*S x Qi) = j*t*S x j*Qi = u*S x yG lfi 

over y(Gifi) = j*Qi, i.e. an isomorphism in the topos Bw K /yGi t Q. 

Assume for a moment that the action of yWj( on p*C (given by the object 
j*C of By\r K ) factors through W^./k- 111 other words, suppose that one has a 
commutative triangle 



yW K 




yW Li/K ^AM T {p*C) 

Then j*C is an object of the full subcategory 

B W L . /K ^ B Wk . 

Recall that 

G l ,o = W Li/K /(N,W 1 Kui ). 
But there is a canonical equivalence 

Bw LJK /yG h0 ■= B WLi/K /y{W Li/K /{N h W 1 ^)) = Bw^JiyW^/yiN^W^) * 

where the second equality follows (by [3] Lemma 3) from the fact that the 
projection 
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admits local sections, as it follows from Corollary 14.21 and Lemma 14.31 Let 
us make this equivalence more explicit. The homogeneous space Gjo has a 
distinguished (non-equivariant) point * — > G^o, and we have 

B w LJK /yG ifi — > B {Nu w^ ) 

Under this equivalence, the base change functor 

B w L . /K — ► B W L . /K /yGi,o 
T i — > Fx yG ifl 

takes a yW^. /^-object J- of T to the same object of T : 

T = T x yG ifi x yGt * 

endowed with the induced y(Ni, Wh )-action. Therefore (|24l) means that y(N{, Wh ) 
acts trivially on i.e. y(Ni, Wg ) is in the kernel of the map 

(25) yW utK -^AM T (p*C). 

Hence the action of yW^.j^ on p*C factors through 

yW u/K /y(N u W l K „) = y{W Lx/K /{N u W l K ^)). 

The same argument shows that the action of yWx on p*C factors through 
yWi-/Xi i- e - that the commutative triangle considered above exists. Indeed, by 
(|24p one has an isomorphism 

j*CxyW Li/K = (J* CxyG ifl )x yGi0 yW Li / K ~ (u*SxyG ifi )x yGi0 yW Li/K = u*SxyW Li/K 
where we consider the object of Bw K 

yW Li/K = y{w K /wi) = y w K /yWl.. 

Note that W£., which is the closure of the commutator subgroup of Wi i , is 
compact in Wk- Then the previous argument shows that the action of yWx on 
p*C factors through yW^jK = yWx/yW^_ (this last identification is valid by 
Theorem 14.11 Lemma 14.31 and [3j Lemma 3) . In summary, we have proven the 
following 

Proposition 4.28. The action yWx —> Aut <j-(p*C) induces a morphism 

pi ■ yW Li/K — ► Aut T { P *c) 

for any i E I, and we have 

y(Ni,Wkj Ker(jH). 
Step 2.3. Choose an object Qi (i.e. an index Iq El). We have a morphism 
Pi ■ V w l 10 /k — > Aut T (p*C). 
Let Ni be the closed normal subgroup of Wl^jk defined above. We have an 
open subset Vi C U such that W\ C Ni for any v E Vi . We claim that, for 
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any u G U — Vi , the subgroup yW^ u C yWi^ /k is in the kernel of pi , i.e. one 
has 

(26) V W K U ^ Ker{p l0 ) ; for any u G U - V io . 

Let u G £7 — Vi . By (123j) , there exists an index i G I such that the support of 
Qi contains u, i.e. one has : 

u G Vi U {ui}. 

Proposition 14.281 then shows that the subgroup yW^^ C yW^-jx is in the kernel 
of the morphism 

Pi ■ yW Li/K — > Aut T (p*C). 

Hence the subgroup yW^ u C y Wk is in the kernel of the morphism 

p : yW K — > Aut T (j)*C). 

It follows that the image of yW\ u in yW^.^/x is in the kernel of /9j . But the 
continuous surjection 

admits local sections (using Theorem 14.11 and the fact that W% is finite di- 
mensional), hence induces an epimorphism in T ■ Thus the image of yW^ in 

yWi io /K is yWft u C y(Wi io /x), which is therefore in the kernel of pi . We have 
proven (|26j) . 

Let N(Wj( u ) be the normal topological subgroup of Wl^/k generated by the 
subgroup W% . By Lemma |4.17[ N(W^ ) is compact and we have 

M(yW 1 Ku )=yN(W 1 Ku ), 

where M(yWj^ u ) is the normal subgroup of yW^. jx generated by yW\^. We 
obtain 

yN{W 1 Ku )=N{yW l Ku ) ^ Ker(p io ). 

Therefore, the subgroup of yW^/K generated by yNi and yN(Wx u ), for any 
it G U — Vi , is contained in Ker{pi ) : 

< yiV l0 ; yN(Wkj \ for any u £ U — V io > <-> Ker(p io ) 

The topological subgroup of W^/k, generated by iVj and ./V(W^) for any 
u G U — Vi , is normal and compact. Hence this subgroup is precisely N(U, Li ), 
which is the closed normal subgroup of W^/x generated by all the subgroups 

W Ku C W L . n /x for any u GU (see section 14.20 . 
Lemma [4 141 then shows that 

yN(U,L i0 ) ^ Ker(p i0 ) 

and that the morphism pi induces a morphism from 

yW Lio/K /yN(U,L io ) = y(W LiJK /N{U,L lQ )) = yW(U,L io ) 

to the automorphism group 

Aut T (p*C). 
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Therefore we have an isomorphism 

fC x yW(U, L io ) ~ u*S x yW(U, L H) ) 

in the topos B\y K /yW(U,Li ), where S is an object of T. In other words we 
have 

j*C x j*Tors(C7,L, ) ~ u*S x j*ToRS(£7, L l0 ) 

since 

i*ToRS(C7,L, ) = yTy(i7,L i0 ) 
where TORS(t7, Lj ) is the torsor corresponding to the morphism 

vr : U w — > B W(U,L t(j ) 

defined in Step 1. 

Step 2.4. The torsor TORS(t7, Lj ) is locally constant over T, since any tor- 
sor is trivialized by itself, hence Lemma [4.261 applies . We obtain an isomorphism 
over TORS([7, L io ) : 

CxToRS{U,L io ) ~ jj*{£ x TORS(C7,L JO )) 

- 3*j*£ x j*j*ToRs(U,L io ) 
~ j*(j*£xj*ToRS(U,L t0 )) 
~ i,(n*<Sxi*ToRs(^,X i0 )) 
~ j*u*<S x j*j*TORS(£7, L^) 

- i*J*i*5 x jJ*T O RS{U,L i0 ) 
~ t*S x ToRs(£7,L io ). 

This shows that any locally constant object C of U\y over T is trivialized by a 
torsor of the form TORs(J7, L). Hence the pro-torsor (12 1 ^ 

{Tors(C7,L), for F/L/K finite Galois} 

is universal. The pro-group object of T defined by this pro-torsor is the projec- 
tive system of its Galois groups : 

yW(U,qo) := {yW{U,L), for F/L/K finite Galois}. 

Equivalently, this pro-group object of T is obtain by applying the fiber functor 
Pu : 

yK(U,q ) :=p* v {TORS(£7,L), for F/L/K finite Galois}. 
This yields an isomorphism of pro-group objects in T 

M U W,Pu) - yW(u,qu)- 

Hence TTi(U\y,Pjj) * s a topological pro-group canonically isomorphic to W_(U, qjj). 

□ 
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5. Weil-etale Cohomology with coefficients in R 

Let U be a connected etale X-scheme. For any topos t : £ — > T defined over 
T, we set R := t*(yR), where yR is the sheaf of T represented by the standard 
topological group R. 

Lemma 5.1. Let j : Byj K — > Uw be the canonical map. We have j*R = K and 
R n j it R = for any n > 1. 

Proof. The identification j*R = R follows immediately from 

Hom T{J ((Z ,Z u ,f u ),(R,R,Ld)) = Hom BTop w K (Z ,R). 

where (Zq, Z u , f u ) is any object of Tjj. By Theorem I4.20[ the site Ji s ) is a 
site for Uw- Then R n j*R is the sheaf on (Gjj, Ji s ) associated to the presheaf 

P n jM: &u —> Ab 

Gl,v,u,t i— > H n (B WK /(j*g Ly ^ T ),R) 

for any n > 1. Recall that one has 

j* £l,v>,t = W L/K /(N,Wkj x T 

where TV is the closure of the normal subgroup of Wl /k generated by the images 
of the maps W K — > Wl/k where v runs over the closed points of V C U (see 
section [44]) . One can write Wi/K/{Af,W Ku ) = Wk/A where A is a compact 
subgroup of Wk- The map Wk — > Wk/A has local sections as it follows from 
Theorem 14.11 and from the fact that Wk/A = W^jk /{N,W K ) is finite dimen- 
sional. We obtain yWK/yA = y(WK/A), and the following identifications: 

Bw k /U*Gl,v,u,t) = B WK /y(W L/K /AxT) 

= B WK /(yW L/K /yAxyT) 

= (B WK /(yW L/K /yA))/yT 

= B A /T 

Therefore, for any n > 1, one has 

P n jM(GL,v,u,T) = H n (B A /T,R)- 
Consider the pull-back square 

T/T^^T 

b d 

B A /T B A 

This pull-back square is obtained by localization since B\/EA = T and {B\/T) / {EAx 
T) = T/T. One checks immediately that such a pull-back satisfies the Beck- 
Chevalley condition d*c* ~ a*b* (this is a special case of the Beck-Chevalley 
condition for locally connected morphisms). But b* is a localization functor, 
hence it preserves injective abelian objects. We obtain 

(27) d*R m (c*) ~R m (a*)b*. 
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The sheaf R m (a*)(R) is the sheaf associated to the presheaf 

P m K)(R) : Top — ► Ab 

j* , — > H m (T/(T x T'),R) = H m (Sh(T x T'),C°(R)) 

where C (R) denotes the sheaf of germs of continuous real valued functions on 
the locally compact space T x T', and Sh(T x T") is the topos of sheaves (i.e. of 
etale spaces) on T x V. The isomorphism H m (T/(T x T'),R) = H m (Sh(T x 
T'),C°(R)) follows from the fact that the big topos T/(T x T") of the space 
T xT' is cohomologically equivalent to Sh(TxT') (see [5] IV 4.10). But TxT' is 
locally compact hence paracompact, so that the sheaf C°(R) is "fin" on T x T' 
hence acyclic for the global sections functor. We obtain P m (a*)(R) = for 
any m > 1, so i? m (a*)(R) = for any m > 1. Then it follows from (I27p that 
-R m (c*)(R) = for any m > 1, since eP is faithful. Moreover, by (I27p with m = 0, 
the sheaf c*(R) can be identified with a*(R) with trivial yA-action, which is in 
turn represented by the space Hom Top (T,M) on which A acts trivially. Hence 
the Leray spectal sequence 

H n (B A ,R m (c*)(R)) H n+m (B A /T,R) 

degenerates and yields 

H n (B A /T,R) - H n (B A ,Hom Top (T,R)) 

By ([3| Corollary 8), we have H n (B A , Hom Top (T, R) ) = for any n > 1, since A 
is compact and Ham Top (T,R) is a locally convex, Hausdorff and quasi-complete 
real vector space. We have shown the following: 

P n jM(G L ,v,u,T) = H n (B A /T,R) = 

for any n > 1 and any object £7l 5 v>,t of G^. Hence R n j*R = for any 
n > 1. ' □ 

Proposition 5.2. We have F n (C7 w ,K) = R /or n = 0, 1 and ^(j^w-.R) = 
for n > 2. 

Proof. We use the spectral sequence associated with the morphism j : B\y K — > 
Uw and obtain H n (Uw,M.) ~ H n (B\y K , R), thanks to the previous Lemma. The 
latter group can be computed using the product decomposition Wk = x R 
and the fact that Wh is compact (see |3j). □ 

6. Consequences of the main result 

6.1. Direct consequences. In this section, U denotes a connected etale X- 
scheme with function field K. We consider the classifying topos of the topolog- 
ical pro-group W(U, qp), which is defined as the projective limit: 

Recall from section 14.51 the definition of the category SLCf(Uw) of sums of 
locally constant objects over T. The following result, which is an immediate 
consequence -in fact a rewriting- of the previous theorem, gives an explicit de- 
scription of the category of sums of locally constant objects. 
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Corollary 6.1. There is an equivalence defined overT and compatible with the 
point Pu : 

SLCr(Uw) * B m o m) 
This equivalence is canonically induced by Data \372^ 

Corollary 6.2. The fundamental group iri(Uw,Pu) is pro-representable by a 
locally compact strict pro-group indexed over a filtered poset. 

If Q is a group object of T, then we consider the internal Horn group object 

G D :=Hom T (g,y§ 1 ). 

For a locally compact topological group G, one can show that 

(yG) DD ~ y(G ab ) 

is represented by the maximal Hausdorff abelian quotient G ab of G (see |12j). 
Let Q_ be a pro-group object of T given by a covariant functor Q_: I — > Gr{T), 
where Gr{T) denotes the category of groups in T, and I is a small filtered 
category. We consider the pro-abelian group object g_ DD of T defined as the 
composite functor 

(-) DD oQ-.l^ Gr(T) — ► Ab(T). 
Recall from Definition 14,91 the definition of the abelian topological group Cjj. 

Corollary 6.3. The pro-group object tt\(Uw ,Pq) DD of T is essentially con- 
stant, hence can be identified with an actual topological group. Then we have a 
canonical isomorphism of topological groups 

r : Cfj-TnitJw^fj) 00 . 

Proof. The pro-group object tti(Uw ,Ptj) DD is the projective system of abelian 
objects given by the groups {yW(U,L)) DD for K/L/K finite and Galois. But 
one has 

(yW(U, L)) DD = yiWitJ, L) ab ) = yC d . 
for any K/L/K. The second equality has been proved in section l4~2l □ 

We simply denote by t : Uw —> T the canonical map. Since the Weil-etale 
topos U\y is defined over the base topos T, the cohomology groups of Uw have 
a topological structure. To make this precise, we introduce the following notion. 

Definition 6.4. The T-cohomology of Uw with coefficients in A is defined as 

H^(U W ,A) :=R n {U){A) 

Corollary 6.5. For any abelian object A ofT, one has 

H%-{U w ,t*A) = A and H°(U w ,t*A) = A(*) 

where A(*) denotes the group of global sections of the abelian object A ofT- 
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Proof. We have 

H%-(U w ,t*A) := Ut*A = A 

since t : Uy/ — > T is connected, i.e. i* is fully faithful. Let 67- be the unique 
map ej : T — > Sets . We have 

H°(U w ,t*A) := (e T *oQt*A = e T *A = A(*). 

□ 

Corollary 6.6. For any abelian locally compact topological group A, one has 

H?r(U w ,t*A) = Hmn Top (C D ,A) and H 1 (U w ,t*A) = Hom cont (C , A). 

Proof. Let A be an abelian locally compact group. One has 

H) r (U w ,t*yA) = Ham T MUw,Pu),yA) 

= lirrj H om r (yW ( L , U),yA) 

= lir%y(Hom Top (W(L,U),A)) 

= li^y(Hom Top (W(L,U) ab ,A)) 

= y( Hom Top (C D ,A)). 

Here Horn Top (C(j , A) is the group of continuous morphisms from Cjj to A, 
endowed with the compact-open topology. 

Consider the unique map ej- : T — > Sets . This map has a canonical section sj- 
such that e-7-* ~ s%- Hence the direct image functor ef* ■ T — > Sets commutes 
with arbitrary inductive limits (see [5 J IV. 4. 10). Then the first cohomology 
group 

H 1 (U w ,t*A) = er*HJr(U w ,t*A) 

= e T *yHom Top (Cfj , A) 
= Hom cont (Cg,A) 

is the discrete group of continuous morphisms from Cjj to A. □ 

Corollary 6.7. There is a fundamental class 

% € H\U W &) = Hom cont (C D ,R) 
given by the canonical continuous morphism 

% '■ C u — > K - 

Remark 6.8. Recall that Cg pecZ = Pic(SpecTj) = M*. For any U , the funda- 
mental class 9fj is the pull back of the logarithm morphism: 

: = lo S G H^Spe^Zw,^) = iTcww(R*,M) 

along the map U — > Spec7L. 

The maximal compact subgroup of Cjj, i.e. the kernel of the absolute value 
map Cq — > M.*, is denoted by C^. The Pontraygin dual {C^) D is a discrete 
abelian group. 
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Proposition 6.9. For any connected etale X-scheme U , we have canonically 

H n (U w ,Z) = Zforn = 
= for n = 1 
= (C l D ) D forn = 2. 

Proof. The result for n = follows from Corollary 16.51 By Corollary 16.61 we 
have 

^(Uw^Z) = Hom c (C ,Z) = 0. 
Moreover we have an isomorphism 

H^Uw^ 1 ) = Hom c (C ,&) = C?. 

The exact sequence of topological groups 0— > Z — >IR— >• S 1 — > induces 
an exact sequence — >■ Z — s> IR — > S 1 — >■ of abelian sheaves on Uyy, where 
K := t*(yM) and S 1 := ^(yS 1 ). The induced long exact sequence 

= H^Uw,^) -> H l {U w ,WL) -»• H l {U w ,% 1 ) -> H 2 (U W ,Z) -)■ F 2 (C?h/,K) = 
is canonically identified with 

-> i3"om c (C a ,lR) Hom c {C v ,S l ) -)■ H 2 (U W ,Z) -> 
and we obtain H 2 (U W ,Z) = (C±) D . □ 

6.2. The Weil-etale topos and the axioms for the conjectural Lichten- 
baum topos. Lichtenbaum conjectured in [8j the existence of a Grothendieck 
topology for an arithmetic scheme X such that the Euler characteristic of the co- 
homology groups of the constant sheaf Z with compact support at infinity gives, 
up to sign, the leading term of the zeta- function Cx(s) at s = 0. We call the 
category of sheaves on this conjectural site the conjectural Lichtenbaum topos, 
which we denote by Xl- In [12] Section 5.2 we gave a list of axioms that should 
be satisfied by the conjectural topos Xl, in the case where X = Spec(Op). 
We refer to them as Axioms (1) — (9). We also showed in |12j that any topos 
satisfying these axioms gives rise to complexes of etale sheaves computing the 
expected Lichtenbaum cohomology. The main motivation for the present work 
is to provide an example of a topos (the Weil-etale topos) satisfying Axioms 
(1) — (9). This shows that that Axioms (1) — (9) are consistent, and this gives a 
natural computation of the base change from the Weil-etale cohomology to the 
etale cohomology (see Corollary 16.131 below). Axioms (1) — (9) are recalled in 
the proof of Theorem 16.121 

The morphism 7 : U\y —> U e t induces a morphism ipg of fundamental pro- 
groups. Applying the functor ( — ) DD , we obtain a morphism <ffj D of abelian 
fundamental pro-groups. 

Corollary 6.10. The composite morphism 

ortj:C D ~ m{U w ) ab — > vn(^ et ) ab 

is the reciprocity law of class field theory. 
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Proof. The fundamental group 

ni(Uw,Pu) = W(U,q G ) := {W(U,L) , for ~K/L/K finite Galois} 
can be seen as the automorphism group of the pro-torsor 

{Tors(l7,L) := ir*EW(U,L), for F/L/K finite Galois} 
in Xw- Consider the morphism of fundamental groups induced by 7: 

ip : ni(Uw,Pu) — > ^i(U e t,qa) 

It follows from the definition of 7, in terms of morphism of left exact sites (see 
Proposition 13.16]) . that (fjj is the morphism of topological pro-groups 

{W(U,L), K/L/K finite Galois} -> {G(L'/K), K/L'/K finite Galois unramified 

is given by the compatible family of morphisms W(U,L) — > G(L un /K), where 
L un is the maximal sub-extension of L/K which is unramified over U. Indeed, 
the previous statement follows from the fact that the following square is com- 
mutative, where Kjj/K is the maximal sub-extension of K/K unramified over 
U: 

7 - 
Uw U e t 



D _ a_ DM 

a W.{U m ) U G{K V /K) 

The commutativity of this square in turn follows from the description of these 
morphisms in terms of morphisms of sites, which is given in Proposition 13.161 
and (1201) . 

orjj is given by the family of compatible morphisms 
iW{U,L) ab ^G{L un /K) ah 



Hence the morphism tp^ 

Crr 



DD 



indexed over the finite Galois sub-extensions K/L/K. Let us fix such a sub- 
extension L/K. We consider the usual relative Weil group W^/x, which is given 
with maps Wl/k — > G^/x an( i Ck — W£jki w ^ere Ck is the idele class group 
of K. The corollary now follows from the commutative diagram 



C K 



Cr 



W ab 
VV L/K 



G(L/K) C 



W{U,L) 



ah 



G(L un /K) 



ab 



since the first row is the reciprocity map of class field theory. 



□ 



Remark 6.11. Let Kjj/K be the maximal sub-extension of K/K unramified 
over U. The map 



limLpu : lim-Ki(U w ,Pu) = W(U,qo) — > lim -K\{U e u Qn) = G(K D /K) 
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sits in the following commutative square 

W K >■ Gk 



W(U,q ) >- G(Kfj/ K) 

Theorem 6.12. The Weil- etale topos X\y satisfies Axioms (1) — (9) of [I 
Section 5.2. 

Proof. Recall from |12| Section 5.2 the following expected properties of the con- 
jectural Lichtenbaum topos. 

(1) There is a morphism 7 : Xw — > X e t- 

(2) The topos Xyy is defined over T ■ The structure map Xw — > T is con- 
nected locally connected and Xw has a T-point p. For any connected 
stale X -scheme U , the object 7* [7 of Xw is connected over T ■ 

(3) There is a canonical isomorphism rp : Cjy ~ ^\{Uw) ah such that the 
composition 

C t j~ir 1 (U w ) ah ^iv 1 (U et ) ab 

is the reciprocity law of class field theory, where the second morphism is 
induced by 7. 

(4) The isomorphism is covariantly functorial for any map V — > U of 
connected etale X-schemes. 

(5) For any Galois etale cover V — > U of etale X-schemes, the conjugation 
action on TTi(Vw) ab corresponds to the Galois action on Cy. 

(6) The isomorphism ry is contravariantly functorial for an etale cover. 

(7) For any closed point v of X, one has a pull-back of topoi: 



B w k(v) *- o G 



k(v) 



7 

Xw *~ X e t 

(8) For any closed point w of a connected etale X -scheme U, the composition 

B W k(w) — >U W — > B Co 

is the morphism of classifying topoi induced by the canonical morphism 
of topological groups — > Cg. 

(9) For any etale X -scheme U, one has H n (Uw,^-) = for any n>2. 

Indeed, Axiom (1) is given by Corollary 13.171 and Axiom (2) is given by 
Theorem 14.271 (i) and (ii). Axiom (3) is given by Corollary 16.31 and Corollary 
16.101 Axioms (4), (5), (6) follow from the usual functorial properties of the 
Weil group (see Remark 16. lip . Axiom (7) is given by Theorem 13.191 Axiom (8) 
follows immediately from the description of the morphisms 

Uw ->• Bw(U,L) ~> b Cjj and i v : B Wk(v) -> Uw 
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in terms of morphisms of left exact sites (see (|20p and Theorem 13.191 respec- 
tively). Finally, Axiom (9) is given by Proposition 15.21 □ 

We denote by ip : Xw X\y the natural open embedding, and by H™(Xw,A) := 
H n (Xw, ip\A) the cohomology with compact support with coefficients in the 
abelian sheaf A. 

Corollary 6.13. (Lichtenbaum's formalism) Assume that F is totally imag- 
inary. We denote by r^Rj* the truncated functor of the total derived functor 
i?7*. Then one has: 

• W n (X e t, r<2i?7*(v!^)) is finitely generated and zero for n > 4. 

• The canonical map 

M n (X et ,T< 2 R^(i P[ Z)) ®ffi — ► H?(X W ,R) 

is an isomorphism for any n > 0. 

• There exists a fundamental class 9 £ H 1 (Xyy ,R) . The complex of finite 
dimensional vector spaces 

... ->• H2-\X W ,&) -> H?(X W ,R) -> H? +1 (X W ,R) -)> ... 

defined by cup product with 9, is acyclic. 

• T/ie vanishing order of the Dedekind zeta function Cf(s) at s = is 
given by 

ord s=0 C F (s) = ^(-l) n ndim R tf "(AV,!) 

n>0 

• The leading term coefficient Cf( s ) at s = is given by the Lichtenbaum 
Euler characteristic: 

C F (s) = ±JJ |IHI n (X rf ,r< 2j R7,( W Z)) tors |(- 1 )7det(F c ri (X L ,l),0,S*) 

n>0 

where B n is a basis ofM n (X e t,T<2R'y*(^p\'Z))/tors. 
Proof. By |12| Theorem 6.3, this follows from Theorem 16.121 □ 
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